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Abstract

We proposea new technique that provides a unified
framework for modelingthe collision dynamicsof objects
having arbitrary shapeand rugosity. The techniqueas-
sumesthat boundaryof the objectis expressedby elemen-
tary segmentswith somerandomdistribution of perturba-
tion. Collision detectionandtreatmentis doneconsidering
this conceptualrepresentation.In order to efficiently de-
tect collision betweenirr egular objects,we introducethe
aumentedorientedboundedboxtree.

1. Intr oduction

In orderto be realistic,a simulationof thedynamicbe-
havior of a setof rigid objectsshouldconsiderall possible
characteristicsof the objectsand their environment. One
of the characteristicsto be consideredis the geometryof
the objects.Much of the work in the areaconcentrateson
objectsdefinedby poligonalaproximation,or on piecewise
smoothobjectsdescribedby either implicit or parametric
surfaces,but doesnot considerobjectsof arbitrary shape
with perturbationor rugosity.

Several techniqueshave beenproposedto model ob-
jectshaving arbitraryshapes,suchasparticlebasedmode-
ling [28], variationalmethods[26, 27], directmanipulation
[2, 3, 21], andfreeform deformation[4, 12], amongothers.
All thosetechniquesallow makingobjectsof adesiredform
startingfrom a initial one. In this way we could represent
a modelthat is anapproximationto a realobject. Usually,
this approximation,however, is goodonly up to a certain
level of detail,sincethesurfaceof realworld objectsis not

completelysmooth. Rather, it presentssomeirregular de-
greeof rugosity, which canaffect thedynamicbehavior of
theobjectsin animation.

Most simulationtechniquestreatcollitions eventsusing
friction coefficients, thatsumarizetheeffectsof surfacede-
tails and materialpropertiesin contacts[11], considering
this asbeingconstanton all objectsurface;theseconside-
ration is not all true, becausein the real word the surface
detailsarenot allways homogeneous,for that the friction
coefficientmustvary in eachpoint of theobjectsurface,so
affectingdynamicbehavourof contacts.

In this work, we proposea new techniquethatprovides
a unified framework for modelinganimationbasedin dy-
namicsimulationwith objectshaving arbitraryshapeand
rugosity. The techniqueconsiderthe characteristicof sur-
facedetailsto treat the collision and then to producereal
behavourof theobjectsin animation.

In Section2 we discussthe modelingof objectshaving
arbitraryshapeandrugosity, usinga multiresolutionrepre-
sentationbasedon waveletsandstatisticalestimationtech-
niquesto dealwith the finer levels of detail; in Section3
we explain how to detectcollisionsbetweenobjectswith
rugosities;in Section4 we formalizethe dynamicaspects
of sucha collision. Finally, in Section5 we concludeand
discusspossibleextensionsof thisapproach.

2. Complexobjects

In this papera complex object is an objectof arbitrary
shapewith irregular distribution of detail representingits
rugosity. Thedetailscouldbeexpressedby a multiresolu-
tion representationthat,conceptually, considersall levelsof



detail of theobject,in sucha way that it capturesits rugo-
sity.

We sayconceptuallybecauseit is not practicalto repre-
sentexplicitly the finer levels of detail. Instead,explicit
representationis given up to a certainlevel of detail. Be-
yond that level, detail is seenasa perturbationappliedto
thesurface,accordingto certainstatisticallaws.

2.1. Surfacerepresentation

We consideronly two-dimensionalobjects,boundedby
a simple closedcurve. In particular, we useperiodiccu-
bic B-splinecurves[23] with a certainnumberof control
pointsdistributedin a way to definea shapeof the object.
The arbitrarydensityof the control pointscould simulate
dacomplex shapeof therealobjectdefiningtheirboundary
equivalentto surfacein 3D.

The B-splinecanbe always reparametrizedto the unit
domain � �����	� . Thus,theparametricequationof a segment
of curve 
�� with four controlpointscanbewrittenas:
 �
��� ����� ��� ����� � � for ��� ��� ��� (1)

wherethe ��� � matrix � �!� � is givenby

�"� �# � �%$&�%'(� ��) *++, - � . - . �. - # ./�- . � ./�� � �0�
13224 � (2)

andthevector � � of thecorrespondingcontrolpointsis� � �"� 5 �76(8 5 � 5 �:9�8 5 �:9 ' )3;<�
All control points defining the objectaregiven by vector�=�?>@57AB�C�3�3�3�D5CE 6(8�F , which generatesG segmentcurves,� 
 � � �:H�8DIKJ JKJ I E .

Startingwith thecontrolpointvector � A �L� , wecould
obtainthecurve in multiresolutionrepresentationby recur-
sively applicationof awavelettransformation[8, 22, 25,7].
This producesa sequenceof representationshaving de-
creasingresolution,characterizedby control point vectors� A �M� 6(8 �C�7�C����� 6ON .

2.2. Rugosity

In orderto representtherugosityof theobjectboundary
in resolutioncorrespondingto � A we could, in principle,
resortto higherlevelsof resolution,givenby controlpoints
arrays � 8 �M� ' �C�C�C�	�M�QP , up to thenecessarylevel of detail.
However, explicitly representingtheselevelsof detailis not
practical,dueto the large storagerequirementsandto the
factthatthisinformationis onlyusedlocally, sinceacontact
involvesonly a few pointsof eachboundary.

Instead,wethink aboutrugosityin termsof tolerancein-
tervalsover theobjectboundary. To eachcurvesegment 
��
of theboundarywe associatea tolerancevalue R � thatwill
beusedin thecollisiondetectionandtreatmentprocedures,
asexplainedin Sections3 and4.

Thevalueof thetoleranceR � canbeinterpretedin statis-
tical terms,by consideringthattheadditionalcontrolpoints
that determinethe rugosityhave displacementsrelative to
 � that areindependentlynormally distributed,with mean
0 andvarianceS '� , asnoisesthat, in multiresolution,could
representthehigherlevelsof details.A directform to relateS and R is by usingtoleranceinterval [18]: RT�VUBS , where� � UQ�V� ; in particularweconsiderUW�X�Y� Z .

Onotherway to relate S and R couldbe by considering
that R is the universalthresholding([5]) correspondingtoS givenby R[�\S^] '`_ acbedf d � where S is the varianceof the
highestlevel waveletcoefficientsof amultiresolutionrepre-
sentationand g is thenumberof suchcoefficients.We use
thefirst form, by associatinga toleranceinterval R to each
segmentof boundary.

3. Collision detection

Detectingcollisionsof complex geometricobjectsis the
mosttime-consumingpart of a dynamicsimulation. Most
of theexistingapproachesareorientedfor objectsdescribed
by a polygonalapproximation[1, 17, 10, 14, 13] without
consideringtheir boundarydetails;it seemshardto extend
theseapproachesto performcollision analysisfor objects
with non-homogeneousrugosity. We proposeanextension
of theOBBtreetechnique[9] to efficiently detectcollisions
of complex objectswith suchcharacteristics.

3.1. Hierarchical structuresof oriented boxes

As in theOBBtreemethod,efficientcollisiondetectionis
achievedby establishingahierarchicalstructureof oriented
boxes. The first stepfor generatingour structureconsists
in creatingelementaryorientedboxesfor eachsegment 
��
of theboundaryincluding their rugosities.With theseele-
mentaryboxeswe definedotherboxesof the hierarchical
structure.

Theelementarybox is createdin two step;first we com-
putethe fitted orientedbox from segment 
 � , after we in-
cludetheir rugositiesexpressedby the correspondingtole-
rancevalue Rh� (Figure1). The principal axis of the fitted
orientedbox is determinedby the eigenvectorof the co-
variancematrix of a numberof regularly samplingpoints
on 
�� , andthedimensionsof box arecomputedby projec-
ting thesegment 
�� over eachprincipalaxis. Theaddition
of dimensionof theboxin R � correspondsto “f attening”the
fittedorientedbox (see[20] for details).
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Figure 1. Oriented bounding box conser ving
rugosity .

For eachpairof adjacentelementaryboxesweconstruct
anotherorientedbox, calleda first level box in the hierar-
chicalstructure.Eachof thesenew boxesincludetwo ele-
mentaryboxes. After that, we constructthe secondlevel
boxes, thatincludecompletelytheelementaryboxescorres-
pondingto two adjacentfirst level boxes. This processis
continueduntil a treeis built, wherethe highestlevel box
includesall elementaryboxesof the object. Note that, at
eachlevel, the orientationof a box is determinedby the
correspondingcurvesegmentin therepresentationthatcor-
respondsto thatlevel of resolution.

In all levels,theboxesbuilt by theprocessaboveconsti-
tuteaugmentedboundedboxesof thecorrespondingcurve
segment,in suchawayasto includetheperturbationsdeter-
minedby thesurfacerugosity. Theconstructionof theaug-
mentedorientedboundedboxestree(AOBBtree)is donein
a bottom-upprocess,which differsfrom theapproachused
in theOBBtreemethod.

3.2. Contact detection

Sinceeachobject in the simulationenvironmenthasa
AOBBtree,the testfor intersectionbetweentwo objectsis
doneby testingthe respective boxesin a hierarchicalway,
asdescribedin [9], until elementaryboxeslevel. Two boxes
do not intersectif andonly if thereis a line suchthat the
orthogonalprojectionsof the boxes onto that line do not
intersect. Actually, it suffices to test the lines which are
parallelto a sideof oneof theboxes,which takesconstant
time.

Whentwo elementaryboxesintersect,therespectivesur-
facesegmentscouldbein threestates:intersection,contact
with tolerance,or separation.Thesestatesaredetectedby
expressing,asin [24], the intersectionof two segmentsas
thesolutionsof theequationi ���:j � �%k �l�X
�� �!�:j � -nmpo ���%k �l�q�Y� (3)

andthe pair of nearestpointsin two segmentsasthesolu-
tionsof equationr 8 �!�:j � �%k �l� � 
�� �!�:j � -nm
o ���%k �c����
 I� ���:j �s�����r ' ���:j � �%k �s� � 
�� �!�:j � -nmpo �!�%k �c�M� m I� �!�%k �l�X��� (4)

)( gkg  t

)( tf j f

p

Figure 2. Tolerated contact between two piece
of boundaries.

wherethe tangentvector of 
�� �!�:j � is denotedby 
 I� �!�:j � .
Both systemsof equationshave two unknows, �:j and �%k ,
andcanbe solved by the iterative Newton’s method[19],
which requiresgoodstartingsolutions. To find them,we
usetheinterval method[6], combinedwith a heuristicthat
consistsin testingfirst thosepairsof intervalsfor which the
curvepointscorrespondingto their centersarenearest.

The test for the stateof the two segments, 
 � and m o ,
is doneby first checkingwhetherthey intersect,using(3).
If they do intersect,the processis aborted,andcontrol is
returnedto the dynamicmodule for anotherloop with a
smallerstepsize. If thereis no intersection,we find the
nearestpairof pointson thosesegmentsusing(4) andcom-
paretheir distancewith thecombinedtoleranceof theseg-
ments.Thatis, if thereexistsa solution �!�:j � �%k � for (4), we
checkwhether t3t u ���:j � �%k � t3t �qR jwv R k �
where

u ���:j � �%k �s�L
�� �!�:j � -Qmpo ���%k � . Contact(with tolerance)
occurswhenthisconditionis satisfied.

The contactpoint between
�� and m
o is consideredas
belongingto the rugosityarea,commonto bothsegments,
and is given by xy� mpo ���:j � v �Y��z u �!�:j � �%k � , as shown in
Figure2.

4. Dynamic of contact

In all caseof contacts,exceptin separation,we usedy-
namicbasedin impulses,an approachintroducedby Mir-
tich [16] andHahn[10]. Theimpulsesateachcontactpoint
dependon the local friction coefficientsassociateto boun-
dary, whosecomputationis explainedbelow.
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4.1. Rugosityapproximation

For eachcontactpointwecomputethetolerancerelative
to 
7� �!�:j � , similarcaseis for mpo ���%k � , by interpolatingg adja-
centtolerancesR � , whereg - � is thedegreeof polynomial
interpolation(weaddoptcubicinterpolation,g{�q� ).

The level of rugosityover the boundaryis aproximated
by acontinuouspiecewisepolynomialcurve | . Point |`� �!�:j �
of therugositycurvecorrespondsto curvepoint 
 �
�!� j � , and
the distanceR�� ���:j �}�~|`� �!�:� � - 
�� ���:j � is the toleranceat
thatpoint.

The g adjacenttolerances>BRY� 6(8 �MRe�B�MRe� 9�8 �MRe� 9 ' F for
interpolationdependof � j�� � �����	� , seeFigure3. So, if�:j�� ����z then � is � - � , and �:� � �:j�v ����z ; else,� is � , and�:� � �:jwv �B� � .

Thecoefficientsof cubicpolynomial | �!� ���q�pA v � 8M�Ov� ' � ' v � $ � $ areobtainedby evaluatingR �!� � for � �X�Y�������p�D. ,
that correspondto the middle pointsof the adjacentinter-
vals.

x j-1 jx j+1x x j+2

� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �j-1λ λ j

λ j+1

f
f j-1

λ j-2

(contactpoint for � j�� ����z )

x j-1 jx j+1x x j+2

� � � � �� � � � �� � � � �� � � � �� � � � �� � � � �� � � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �j-1λ λ j

λ j+1

f

λ j-2

f j

(contactpoint for �:j�� ����z )
Figure 3. Tolerance function.

4.2. Friction coefficientadopted

Thefriction coefficient relative oneobjectboundary, for
examplefor 
 � , at thecontactpoint is modelledasa func-
tion � � R���� of thecorrespondingtolerancevalue R�� ���:j � . We
adoptthefollowing:� � R����l�\� � if R����XR d�� ER � - R d�� E otherwise� (5)

That is, we considerthat surfaceshaving tolerancevalues
smallerthana certainvalue( R d�� E ) have zerofriction (see
Figure4).

In collision, both boundaries
7� and m
o , have different
friction coefficients,��� �!�:j � and � o �!�%k � respectively, at their
contactpoint x . Thus,the commonfriction coefficient for
collision is consideredas ��� MAX >C�(� �!�:j �M��� o ���%k � F .

λ

λ

0

min
0

µ

Figure 4. Relation between a tolerance and
friction coefficient.

4.3. Impulse

If ��� and ��� representpoint x for objectsA andB, res-
pectively, their relative velocity is givenby� �c�c� �!� ������ � �!� � - �� � ��� ���
Let �  be the unitary normal vector of object B at x , so
the normalcomponentof � �c�c� is ¡ �D�c� E � � �D�c� �C�  . In this
way, when ¡
�D�c� E � � , the contactis a collision, whereas¡ �c�c� E �"� impliescontinuouscontact,and ¡ �D�c� E£¢ � im-
pliesseparation.

The collision is treatedby consideringconservationof
momentum[15]; for that, let ¤ � and ¥ � bethelinearmo-
mentumandtheangularmomentumof ¦ , respectively. The
collision hasa infinitesimaltime of duration,in which oc-
currsthevariationof momentumthatcorrespondsto theim-
pulse§ . Themomentumaftercollision is givenby¤ 9� ��¤ � v § and ¥ 9� �X¥ � -[¨ � � §©� (6)

where ¨ � is the vetor from the centerof massof ¦ to the
contactpoint x .

Thevelocityof thecontactpointwith respectto ¦ , after
collision,is expressedas�� 9� � ��&� v �g � § v\ª�« 6(8�¬� � ¨ � � §��%­�� ¨ �� �� � vy® �g �&¯ - ��°¨ � « 6(8� °¨ � �!±�§©� (7)

where ¯ is the .²��. identity matrix , « 6(8� is theinverseof
the matrix of inertia of ¦ , and °¨ � is the dual antisimetric
matrix of ¨ � . Thevelocityof x with respectto � , similarly
to thecaseabove, is�� 9 � � �� � - ® �g ��¯ - � °¨ � « 6(8� °¨ � �³±<§^�
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Therefore,therelativevelocityaftercollision is givenby� 9�c�D� � � �D�c� vµ´ � §Q� (8)

wheré �·¶ 8d¹¸ v 8d¹º@» ¯ -½¼ °¨ � « 6(8� °¨ � v °¨ � « 6(8� °¨ �c¾ is the

collision matrix, which can be easily verified to be posi-
tive semi-definite.This impliesthat § canbecomputedas
a simpleexpression,consideringthe restitutionconstant¿
andfriction coefficient � of thecollision,usingNewtonand
Coulomblaws.

Newton’s law relatesthenormalcomponentsof therela-
tive velocitybeforeandafterthecollision,as¡ 9�c�c� E � - ¿7¡ �c�D� E � (9)

Coulomb’s law treatsdynamicandstaticfriction, respecti-
vely, throughthefollowing equations:

if ¡
�c�D� À�Á�X� then Â�À&�Ã��Â�EÄ� (10)

if ¡
�c�D� À&�X� then Â�À � ��Â�EÄ� (11)

where §Å�"Â E �C�  - Â À � �Æ . Theunit tangencialrelative velo-
city vector �Æ is orthogonalto �  .

Therefore,in thecaseof staticfriction, therelative velo-
city aftercollision is expressedas� 9�D�c� �q¡ 9�c�c� À � �Æ - ¿
� ¡ �c�c� E �C� �Ç
by replacingit in (8), consideringthecondition ¡ 9�c�D� À �L� ,
we obtain §�� - ´ 6(8 � � �D�c� v ¿
� ¡ �c�c� E �C�  ��� (12)

Forstaticfriction, it mustbeverifiedthat Â À � ��Â E ; else,
wemustcomputetheimpulsefor dynamicfriction, from (8)
consideringÂ À �È��Â E and(9), computingÂ E first. With the
valuesof Â E and Â À , wecancomputethevelocitiesof A and
B aftercollision,using(6).

Continuouscontactis treatedalsoby impulses,conside-
ring thatit resultsfrom micro-collisions[16]. Thecondition¡ �c�D� E �É� (approximately)is perturbedto ¡ �c�D� E � � , by
adoptingtheclassicalequationof mechanics¡ 'j �Ê¡ '� v � mhË ,with ¡ j �q� and ¡ � �Ê¡ �D�c� E , yielding¡
�c�D� E²� -�Ì � mhË �
where��� Ë ��R is thesizeof thepenetrationin therelative
toleranceR of contactpoint,asshown in Figure5.

Therestitutioncoefficient, ¿	Í , for contactis givenby¿ Í@� Ë ��� ¿ d ��Î - ¿R ' Ë '<v ¿
�
where ¿ is the normalrestitutioncoefficient, R is the tole-
rancerelative to 
 �B�!� j � , and ¿ d ��Î � ¿ is specifiedby the
user. Noticethat ¿	Í � Ë � variesfrom ¿ to ¿ d ��Î asa quadratic
function of Ë , this permitsto computegreatvalueof im-
pulsewhenthepenetrationof contactpoint on toleranceis
greatest.

p(t)

f(t)

(t)
δ

λ

λ

inside

Figure 5. Penetration degree of contact point
on tolerance inter val.

4.4. Examples

To observetheresultingeffectsof theapproachproposed
herewe analysethe dynamicbehaviour of two simpleob-
jects. We consideronefixed objectas lying horizontally,
and allow the secondcircular object, having initial hori-
zontalvelocity, to move freely. In this situation,we could
displaythevariationof friction coefficientdependingof ru-
gosity degreeon eachcontactpoint. Figure 6 shows the
simulationsceneof thetwo objects.

(initial state)

(stateduringsimulation)

Figure 6. An example of dynamic contact be-
tween two simple objects. Horizontal bloc k is
fix ed, and the spherical object is free to move
over the horizontal object.

To createtherugosityover theobjectsurfaces,we usea
library of severalrugositypatterns.We considerthevalues
definedin Figure7 to testourmodel.
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Figure 7. Example of four types of librar y for
tolerances.

We appliedeachtype of rugositygiven in Figure7 to
eachobjectandobservedthevariationof thefriction coef-
ficient in eachcollisionbetweenthetwo objects.In thefirst
Figure 8, we observe a constantbehavior of the friction,
becauseboth objectswere coveredby constantrugosities
(type 1 of Figure7). Theotheroneswereobtainedby com-
bining rugositiesfrom library; for examplethe last figure
representsrugositiestype3, wherethetolerancevaluesare
non-homogeneous,distributedoverbothboundaries.

Figure9 shows anotherexamplewherewe considered
anobjectof arbitraryshapewith initial horizontalvelocity,
moving over a fixed object lying horizontally. Thereare
several collision points in eachtime step. Figure 10 and
Figure11 show their velocitiesbehavior reparametrizedto
theunit interval for differentdistribution of rugositiesover
eachobject. In the first case,the rugosity covering both
objectis constant;andin thesecondcase,theobjectshave
rugositytype2 andtype3, respectivaly.

Figure12 shows two columnsof animationsequences
of several irregular objects. In eachcasethe objectsare
coveredwith several typesof rugosity, andhave differents
dynamicbehaviors.

5. Conclusion

Realisticsimulationmustintegratethe morphologicas-
pect of the objectas occur in the real word, becausereal
world objectshave arbitraryshapesandheterogeneousdis-
tribution of rugositieson theirsurfaces.

Therugositydegreesrelative to thecontactpointsof ob-
jects in collision permitsthe computationof a friction co-
efficient, in eachcollision event; for that is necessaryto
includethe parameterof rugosityon the geometricdefini-
tion of the object,becausetheir explicit geometricrepre-
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Figure 8. Friction value in each collision event
between two objects (fix ed horizontal bloc k -
free spheric object).

sentationis not practical.Theuseof statisticalestimatives
helpsusto characterizetherugositybehavior of eachlocal
areaof the surfaceusingthe rugositytolerancevalueasa
parameter. Theconsiderationof anon-homogeneousdistri-
butionof rugositiesoverobjectsurfacesallowsusto obtain
animationswith interestingmovements,becausethey have
differentconstrainstfor eachcollisionevent.

An immediateextensionof thiswork is its usefor 3D en-
vironments.For thatwecanuseB-splinessurfacestomodel
objects,all othersconsiderationsremainingthe sameasin
this work. For realisticvisualizationof the objectsit may
benecessaryto generatetherugositiesovereachobject,us-
ing thestatisticaldistributionsassociatedwith thetolerance
values.
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(a1) (b1)

(a2) (b2)

(a3) (b3)

Figure 12. Animation of objects with diff erent types of rugosity , sequence of scenes (a1-a3) and
(b1-b3), respectiv aly, for each case .
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