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Resumo: In this work, we address the problem of obtaining perceptually acceptable panoramic
images which are images of wide fields of view (FOVs). To achieve this goal, we first model
the visible information of a scene as a unit sphere and then model the panoramic images as
projections from this sphere to an image plane. Desirable properties in panoramic images are
transformed in properties that this projections should have, such as conformality and smoothness.
Energies that measure how distorted a panoramic image is are obtained and the problem becomes
optimizing all these energies. This work is strongly based in [1], where all the distortions we
consider are suggested. The contribution of this work is the formal geometric analysis of these
distortions and the details about the optimization methods, which were briefly mentioned in [1].
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1 Introduction

Common cameras capture a limited field of view, usually ninety degrees. The reason for this
fact is that when the FOV becomes wider, the projection used by these cameras introduces strog
distortions in the objects.

A panoramic image allows us to better represent an entire scene. The main difficulty that
arises when we try to obtain an image from a wide FOV is to conciliate two important perceptual
properties: preservation of object shapes and straight lines in the scene. In [3] the authors proved
that it is impossible to have both properties in a panoramic image, under some hypothesis.

We represent the visible information of a scene seen from a viewpoint at a given moment as
the viewing sphere, which is the unit sphere where each point has an associated color, the color
that is seen when one looks towards the point. An example of viewing sphere is shown in figure
1. Using longitude and latitude coordinates ((λ, φ) ∈ [−π, π]× [−π

2 ,
π
2 ]) we associate the viewing

sphere to images which we call equirectangular images (an example is shown in figure 2).
With these notations, we state the problem of finding a panoramic image as finding a pro-

jection
u : S ⊆ S2 → R2

(λ, φ) 7→ (u(λ, φ), v(λ, φ))
,

where S is a subset of the viewing sphere, the FOV that is going to be projected.

2 Distortion Energies

2.1 Conformality

We use the geometric concept of conformality to model preservation of shapes:



Figure 1: A viewing sphere (looked from outside) that represents the visible information of some
scene.

Figure 2: “San Marco Plaza”, by Flickr user Veneboer, taken from [4].

Definition 2.1: A dipheomorfism between surfaces ϕ : S → S is a conformal mapping if
for all p ∈ S and for all v1, v2 ∈ TpS holds

〈dϕp(v1), dϕp(v2)〉 = Θ2(p)〈v1, v2〉,

where Θ2 is differentiable function on S that never vanishes.

This definition is appropriate to model preservation of shapes because it says that the action
of ϕ is locally a rotation and/or a sacling and angles are preserved.

We take S = S2, S = R2 and ϕ = u and look for a more practical characterization of
conformal projections in our context. We define the differential north vector
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and the differential east vector
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where ∂̂r
∂φ(p) and ∂̂r

∂λ (p) are orthonormal vectors associated to the longitude/latitude represen-
tation r. Then we obtain the following result:

Lemma 2.1: u : S2 → R2 is conformal if and only if h = R90k or h = R−90k, where R90

and R−90 are 90 and −90 degree rotations.

Proof: See [2], pp.37,38.

�

We ask u to preserve the orientation of the orthonormal basis of the tangent plane of S2 and
exclude the possibility h = R−90k. This choice leads us to the following result:

Theorem 2.1 (Cauchy-Riemann equations): Let p = (λ, φ) ∈ (−π, π)×
(
−π

2 ,
π
2

)
. u : S2 → R2

is a conformal projection that preserves the orientation of TpS2 if and only if
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We discretize the both C-R equations using an uniform discretization of the longitude/latitude
domain and obtain an energy that measures the nonconformality of the projection:

Ec =
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wij are spatially varying weights (see [2], pp.58-62) that determine the strength of this energy
in different regions. It is not difficult to see that Ec can be rewritten as

Ec = ‖Cx‖2,

where x is a vector containing the positions uij and vij and C is a matrix.

2.2 Straight Lines

To formulate energies associated to preservation of lines, we use information provided by the
user in an interface (see [2], pp.31-35). An output of this interface is shown in figure 3.

For lines with specified orientation , the energy that measures how much the projection
violates the straight line constrains os given by

Elo = ‖LOx‖2,

where LO is a matrix and x is the same as in Ec. For lines with no specified orientation, we
alternate between minimizing

Eld = ‖LDAx‖2 and Elo = ‖LOAx‖2,

where LDA and LOA are matrices. The result of the minimization of ‖LDAx‖2 is used to
construct LOA. Then the result of minimizing ‖LOAx‖2 is used to construct LDA and the
process is repeated unitl convergence. This alternations are necessary to avoid nonlinearities
that would appear if we minimized a more precise term for straight lines just once. For details
about the derivation of the energies and the entries of the matrices, we recommend [2], pp.44-52.



Figure 3: The user marks the linear structures she identifies in the scene. Red and blue lines are
the lines that are supposed to be vertical and horizontal in the final result, respectively. Green
lines have no specified orientation.

2.3 Smoothness

Conformality and straight line energies alone may result in a non-smooth projection, specially
near line segments. To avoide this problem, we impose smoothness on the north vector:
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Using again finite differences and the weights wij we obtain an energy that measures how
much a projection deviates from smoothness:
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Es can be rewritten as Es = ‖Sx‖2.

2.4 Total Energies

To join all the energies we just presented, we formulate two total energies and alternate between
minimizing them (beacuse of the alternation of the straight line energies). The energies are

Ed = w2
c‖Cx‖2 + w2

s‖Sx‖2 + w2
l ‖LOx‖2 + w2

l ‖LDAx‖2

and
Eo = w2

c‖Cx‖2 + w2
s‖Sx‖2 + w2

l ‖LOx‖2 + w2
l ‖LOAx‖2.

We set wc = 0.4, ws = 0.05 and wl = 1000.



By defining

Ad =
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we can rewrite both total energies as Ed = ‖Adx‖2 and Eo = ‖Aox‖2.

3 Minimization

In this section, we analyse the problem of minimizing the quadratic energies E(x) = ‖Ax‖2,
where A = Ad or A = Ao. Let x 6= 0 (we exclude x = 0 beacuse we do not want all points to
be mapped to only one point, the origini in this case). The equality
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. We conclude that {x ∈ Rn : ‖x‖ = 1} is a good set
to look for a minimizer. The result of

min
‖x‖=1

E(x)

tells us the direction of minimal increase of E. For our purposes, the direction is the only thing
that matters, since scaling of the final projection will not change its shape.

Statement 3.1: The solution of min
‖x‖=1

‖Ax‖2 is e1, the eigenvector of ATA associated to its

smallest eigenvalue λ1. In addition, E(e1) = λ2
1.

Proof: See [2], p.64.

�

The following statement shows that constant mappings are eigenvectors of ATA correspond-
ing to λ = 0:

Statement 3.2: The vectors x such that uij = Ku and vij = Kv, ∀i, j, are eigenvectors of
ATA with corresponding eigenvalues equal to 0.
Proof: See [2], p.64.

�

We do not want constant mappings to be solutions of our optimization. Since the subspace of
the projections in Statement 3.2 has dimension 2, we have to look for the eigenvector associated
to the third smallest eigenvalue of ATA.

In average, we use a discretization of the viewing sphere with 40,000 vertices what makes
the vector x to have 80,000 entries to be computed (u and v coordinates for each vertex).
Computing the third eigenvalue and its corresponding eigenvector will take too long in this case.
If we consider that we usually perform six optimizations (three to minimize Ed and three to
minimize Eo) this problem becomes even worse.

An alternative is to minimize the perturbed energy

Ẽ(x) = E(x) + ε‖x− y‖2 = ‖Ax|2 + ε‖x− y‖2,

where ε = 10−6 and y is some known discretized projection (we use the stereographic projection.
For details, see [2], pp.13,14).



Theorem 3.1: The minimizer of Ẽ on Rn is

x = (ATA+ εI)−1(εy).

Proof: With some calculations (see [2], p.66), it is not difficult to prove that ∇Ẽ(x) = 0 ⇒
(ATA + εI)x = εy, which shows that the only critic point of Ẽ is x̂ = (ATA + εI)−1(εy). In
addition, by observing that the Hessian of Ẽ is given by HẼ(x) = 2(ATA+ εI), ∀x ∈ Rn, which
is a positive definite matrix, we conclude that x̂ is a local minimizer and Ẽ is a convex function.
Thus, x̂ is the global minimizer of Ẽ.

�

The main advantage of minimizing Ẽ instead of minimizing E is that we replace an eigenvalue
problem by solving a linear system. Furthermore, ATA + εI is sparse (since A is sparse),
symmetric and positive definite which allows us to produce results much faster using appropriate
methods. Finally, minimizing E and Ẽ leads to visually identical results.

4 Results

All results presented in this section were produced minimizing, in each iteration, the perturbed
energy Ẽ. The solution vector x gives us the positions (uij , vij) where each vertex of the sphere
is mapped to. The final result is porduced by bilinear interpolation of these positions.

The result shown in figure 4 was obtained using the lines presented in figure 3.

Figure 4: Left: Projection obtained after visual convergence of the method. FOV: 180 degree
longitude/180 degree latitude. Right: Cropped result.

Figure 5 shows the lines that were marked for other scene. The result produced by the
method is shown in figure 6.

5 Conclusion and future work

As we saw in the result section, the method produced very acceptable panoramic images, with
no noticeable distortions (stretching of objects and bent lines are not present in the results, for
example). For more results, the reader may see [2], pp.73-96.



Figure 5: Sixty-nine lines marked for this example.

Figure 6: Left: Projection obtained after visual convergence of the method. FOV: 210 degree
longitude/140 degree latitude. Right: Cropped result.

We intend to extend this approach to produce panoramic videos, which are videos where
each frame is constructed from a wide FOV. Applications in many areas as cinema and sport
broadcasting are evident. Some initial work in this topic may be found in [2], pp.97-117.

Finally, the authors would like thank CNPq for the finnancial support.
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