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Abstract. We show how to use affine arithmetic to represent a parametric curve with a strip tree. The required
bounding rectangles for pieces of the curve are computed by exploiting the linear correlation information given by
affine arithmetic. As an application, we show how to compute approximate distance fields for parametric curves.
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1 Introduction

Strip trees were introduced by Ballard [1] as a multi-
resolution data structure for representing polygonal curves.
The main concept in strip trees is to represent each piece of
the curve by @ounding rectangle that contains the piece.
When this is done in a hierarchical fashion — starting from
the whole curve, subdividing the curve at suitable points,
and going down to individual edges —we get a tree of rect-
angles, each rectangle containing a piece of the curve.

Ballard [1] described how the multi-resolution repre-
sentation provided by strip trees can be used to solve several
practical problems efficiently, including displaying a curve
at a given resolution, intersecting two curves, computing
the length of a curve at a given resolution, testing the prox-
imity of a point to a curve, and testing whether a point is
inside a region bounded by a curve.

The heart of the strip tree representation algorithm is
the computation of a rectangle bounding a piétef the
polygonal curve. Ballard used the smallest rectangle with a
side parallel to the line segment joining the two endpoints Figure 1: Approximating a curve with rectangles.
of P. This rectangle is not necessarily the smallest rectan-
gle containingP, but it is easy to compute and the resulting
strip tree has good performance in practice.

In this paper, we show how to compute a strip tree metric curves; as mentioned earlier, this is the heart of the
representation for a general parametric curve, using affinestrip tree representation. Section 5 contains some examples
arithmetic [2] to find good bounding rectangles. (Figure 1 of strip trees computed with this algorithm.
shows an example of a rectangle covering of a parametric Guéziec [8] recently proposed an efficient algorithm
curve computed with our algorithm.) In Section 2 we re- for computing the distance of points in the plane to a poly-
view the details of how polygonal curves are represented by gonal curve. In Section 6 we show that his algorithm can
strip trees as described by Ballard [1]. In Section 3 we dis- be extended to use the strip trees computed in Section 4 and
cuss what primitives are needed to extend strip trees to gen-also how this extension can be used to provide an implicit
eral parametric curves. In Section 4 we briefly review affine approximation to parametric curves using distance fields.
arithmetic and explain how the information it provides can Section 7 contains our conclusions and discusses how
be used to compute bounding rectangles for pieces of para-this work can be extended to surfaces.
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2 Striptrees

LetC = p;...p, be a polygonal curve. As explained by
Ballard [1] (see also chapter 4 of Samet’s book [21Rr&p

3 Strip treesfor parametric curves

The notion of strip trees can be carried over to a general
parametric curv& given by~y:I € R — R? as long as

treefor Cis a binary_ tree whose nodes represent pieces ofwe know how to compute bounding rectangles for pieces
the curve by bounding rectangles. (For best performance,of ¢ and how to choose splitting points. Here is a skeleton

these rectangles anet aligned to the coordinate axes.) The

root of the strip tree represents the whole curve. The chil-
dren of a node represent two halves of the piece of the curve
represented by the node. Leaf nodes correspond to individ-

ual edge;p;1-

A strip tree for the polygonal curv@ can be built in
a top-down fashion by starting with the whole cut/e=
p1...pn, finding a bounding rectangle for it, choosing a
splitting point py, and then recursively building strip trees
for the two halve®; ... px andpy . .. p,. (Ballard [1] also

discusses a non-recursive bottom-up algorithm, but the top-

down algorithm generates tighter approximations.)

Ballard [1] computed a bounding rectangle for a piece
P = pi...p; by choosing the smallest rectangle with a
side parallel to the line segmeht= p;p; that joins the two
extremes ofP. To compute this rectangle, one has to find
the pointsp,, with i < k < j that are farthest fronk on
both sides. The point at maximum distance tts chosen
as the splitting point. See Figure 2.

The bounding rectangle computed by Ballard is not
necessarily the smallest rectangle containing the piece
but it is easy to compute.Moreover, in practice the split-
ting point is usually near the middle &f, and so the whole
strip tree is usually computed in tim@(n logn). (How-
ever, in the worst case it can take quadratic time [13].)
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Figure 2: Geometry of bounding rectangles for strip trees.

*The smallest rectangle containing a polygonal liecan be com-
puted in linear time by first computing the convex hullf16] and then
computing its minimal bounding rectangle [23], but the total time is likely

to be larger. On the other hand, smaller rectangles may mean better overall

algorithm for computing a strip tree for a curge= ~(I);
the strip tree is the result afrip-tree(I):

strip-tree(T'):
B « bounding rectangle for P = ~(T)
if good-enough(7', B) then
return (7', B, nil, nil)
else
split 7" into 77 and T5
return (T, B, strip-tree(T} ), strip-tree(7%»))

Here, good-enough(T, B) is an application-dependent
predicate that decides when to stop recursion. A suitable
predicate for pure geometric approximation is simply

good-enough(T,B):
return width(B) <

wherege is a user-selected tolerance.

Each node in the tree computed dtyip-tree has four
fields(T, B, L, R), whereT C I is the parametric interval
corresponding to the piec@ = ~(T') represented by the
node, B is a rectangle containing, andL and R are the
children of the node. The efficiency of the strip tree repre-
sentation is closely related to how wéllapproximate$.

A bounding rectanglé3 for P = v(T') could be com-
puted by sampling the intervdl and finding the minimal
rectangle containing the convex hull of the corresponding
sample points orP [23]. However, it would be hard to
decide how fine the sampling should be to be faithful to
the curve; although heuristics are available [5], they do not
guarantee the correctness of the bounding box. In Section 4
we show how to use affine arithmetic to compute bound-
ing rectangles that are guaranteed to confainLike the
bounding rectangles used by Ballard for polygonal curves,
the rectangles computed with affine arithmetic are not the
best possible, but they converge rapidly to the curve.

Choosing splitting points as Ballard did would require
finding the parameter € T' corresponding to the point at
maximum distance to line segment joining the two extremes
of P. This is a global optimization problem that is best
avoided. Another good candidate for the splitting point is
the midpoint of P with respect to arc length. This is the
solution adopted by @ither and Wong [10] in theiarc
tree. The midpoint of ? may be difficult to compute; a
[nuch simpler choice for the splitting point is the poinfin

performance of the strip tree. As far as we know, the impact of using the COrresponding to the midpoint af. We shall adopt this

best rectangles in strip trees has not yet been studied [9].

choice in the sequel.



4 Affinearithmetic obtaining two affine forms:

Affine arithmetic (AA) was introduced in SIBGRAPI'93 F=axo+x161+ 4+ Tnen

[2] as a tool for validated numerics [22]. Since then, AA .

has been applied to the robust solution of several graphics Y=totueart ot ynen

problems [4,6,7,11,12], where it has successfully replaced Now comes the key observation: The values @hdy are

interval arithmetic [17]. not independent—they have a partial correlation each time
In AA, a quantityz is represented as affine form, their affine formst andy share a noise symbe} with non-
zero coefficients:; andy;.
T=x0+T161+" "+ Tpnén, Taken separately, the equations above sayithatin
the intervalX = [xg — r,, 2o + 7] andy is in the inter-
which is a polynomial of degree 1 inoise symbols ¢, val Y = [yo — ry,%0 + 7], and so the pointz, y) is in

whose values are unknown but assumed to lie in the inter-the rectangle? = X x Y. However, because of the im-
val [-1,+1]. From this representation, we conclude that pjicit correlations, the pointz, y) is actually in a smaller
the quantityr lies in the intervalzo — ., 20 + 2], Where  region/ C R. The narrower this region, the mareandy

rz = |z1| 4 -+ 4 |an|. In other words, quantities in AA are correlated. The regioR is the image of the hyper-

also naturally represemttervals, and so AA can replace cube[-1,4+1]" 5 (e1,...,&,) under the affine transfor-
interval arithmetic [17]. mationR” — R?2 given by the matrix
The basic arithmetic operations and elementary func-
tions can be extended to handle affine forms [22]. Affine { To | X1 0 Tn ] .
operations (translation, scale, addition, and subtraction) are Yo | YL  Yn

straightforward. Non-affine operations, such as multiplica- So, K is zonotope, that is, a convex polygon that is centrally

tion, square root, and trigonometric functions, use a good symmetric with respect to the poifito, o), the image of
affine approximation plus an error term (which creates a e origin(0, ..., 0) € R™ [26].

new noise symbol). So, th_e result of a functipapplied to As an extreme example, taketo be the straight line
affine forms is another affine form segmenty(t) = (1,1) + t(4,6), fort € [0, 1]. Then

f:f0+f151+"'+fn5n+fk5k7 £:05+0551
1+4t=3+2¢
g=1+6t=4+3¢
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where| f;| bounds the error committed when replacifig
by the affine approximatiofic + f1e1 + - + fnén.
Once the basic operations and functions have been ex-These equations say that the pdinty) is exactly on the
tended to affine forms, one can automatically compute ar- line segment, even though, taken separately, they say only
bitrarily complex functions with AA by decomposing them  thatz < [1,5] andy € [1,7]. This result is exact because
into a sequence of elementary steps. This can be done veryzA handles affine operations without truncation errors, and
conveniently in languages that support operator overload-in this case also without rounding errors.
ing, such as C++, but it can also be done easily by hand or  For a less extreme example, takéo be the parabolic
with the aid of a precompiler [3]. (We use a precompiler segmenty(t) = (t2,t), fort € [0,2]. Then computing
written in Lua [14].) x andy with AA gives

F=12=1542e 40569

Exploiting correlations given by affine arithmetic i 41
y = = 5‘1

One key feature of affine arithmetic is that it is able to han- . _
dle correlations between quantities. We now explain how The new noise symbot, comes from the (non-affine)
this is done, as a preparation to showing how to compute aSduaring operation: the second-order ternwhose range

bounding rectangle for a pieegT’) of a parametric curve 1S [0,1], is replaced by).5 + 0.5 ¢, losing its correlation

C = ~(I), whereT = [a,b] C I. with ;. Nevertheless, information on first-order correla-
Start by writing~(t) = (z(t),y(t)). Next, convert  tion between: andy is preserved becauseandy share: ;.
t € T to an affine form This information is sufficient to yield a good approxima-
tion for the joint range ofr andy. Indeed, taken sepa-
t =ty +t1e1, rately, these equations say only thaties in the interval
X = [-1,4] andy lies inY = [0,2]. However, taken

wheret, = (b+a)/2andt; = (b—a)/2. Note that ranges  jointly, they say thatix, ) lies in the dark parallelogram
overT whene; ranges ovef—1,+1]. Next, compute the  shown in Figure 3, which is substantially smaller than the
coordinate functions: andy at ¢ using affine arithmetic,  rectangleX x Y = [—1,4] x [0, 2] shown in light grey.



Figure 3: Zonotope approximation of a parabola segment.

Computing bounding rectangleswith affine arithmetic
We compute a bounding rectangle fgT") in two steps:

1. compute the convex regidii 2 v(7') given by AA,;
2. compute a bounding rectangle f&r.

For step 1, we have to explain how to find the sides
of K from the affine forms: andy given by AA as a rep-
resentation ofy(T). First, order then vectors(z;, y;) and
(—x;,—y;) fori = 1,...,n circularly around the origin.
Letvy, ..., von_1 be the sorted list. Therd is the polygon
whose2n verticespy, .. ., pan_1 are given by

n—1

pi = Z Vk+i)
k=0

with indices computed moduizn.

For step 2, we choose to compute the rectangle of
minimal width containing. In general, the rectangle of
minimal width containing a convex polygon has one side
collinear with some side of the polygon, and can be found
in linear time [23]. However, as mentioned earlier, the con-
vex polygonsgk given by AA are not generic: they are sym-
metric with respect to their centét, yo). This fact greatly
simplifies finding the rectangle of minimal width contain-
ing K: the width is the smallest distance from the center
to a side of K. The rectangle of minimal width will have
two sides overlapping the sides of the polygon closest to the
center.

5 Examplesof strip-tree approximations

We now present strip approximations for some parametric
curves computed with affine arithmetic as described in Sec-
tion 4. Because it is difficult to show the complete trees and
the geometry of the curve, the pictures will show only the
nodes at certain levels of the tree. Hopefully, this will show
how well the strip trees approximate the curves.

Figure 4 shows leveldto 3 of a strip tree for the circle
given byx = cos(t), y = sin(t), t € [0,2n]. Figure 5
shows levels; to 8 of a strip tree for the spiral given in
polar coordinatesér,t) by » = 0.1¢, ¢ € [0,45]. Figure 6
shows levels$ to 6 of a strip tree for the “butterfly” given in
polar coordinates by = sin(2t) + sin(5¢) + 2, t € [0, 27].
Note how fast the approximations converge to the curve.

]

]
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Figure 4: Strip approximations for a circle.
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Figure 5: Strip approximations for a spiral. Figure 6: Strip approximations for a butterfly.



6 Distancefrom a point to acurve

In this section, we show how a strip tree for a parametric
curveC can be used to compute efficiently a guaranteed
approximation to the distana&p,C) of a pointp € R?
toC:

d(p,C) = min{d(p,~(t)) : t € I}.

The method we describe below is a special case of the
branch-and-bound optimization algorithm [19] and is simi-
lar to the methods described by Ballard [1] ance@iec [8].

The main difference is that in our case the endpoints of
each arcP of C are not known; all we know is th&® is
contained in a rectanglB. Therefore, all we have is that
d(p,P) € D(p, B), whereD(p, B) is thedistance inter-
val from p to B, namely, the range aof(p, ¢) asq ranges
overB:

D(p, B) ={d(p,q) : ¢ € B}.

Ballard’s version of the point-to-curve distance algo-
rithm used a simple recursive enumeration of the strip tree
with cutoffs [1]. Like GlEziec [8] and branch-and-bound
optimization algorithms, we use a more efficient enumer- 7

ation based on a priority queug. The entries ofp are
pairs (N, dins), WhereN is a node(T, B, L, R) from the
strip tree andi;,¢ is the lower bound of the distance inter-
val D(p, B). The queu& is ordered such that the entry
with minimumd; ¢ is at the front.

The distance algorithm starts by inserting the rdgt
of the strip tree into the queu@. Then, elements with
smallest lower distance bouwgl,; are repeatedly extracted
from @ until a leaf element is reached. Non-leaf elements
are split into two sub-elements, which are inserted into the
queue. The algorithm also maintains a global bodigg to
the distancel(p,C). Any entry (N, ding) With ding > dsup
could be deleted frorg; for simplicity, this optimization is
not shown in the skeleton algorithm below.

distance-estimate(p, Ny ):
@ — empty queue
dsup «— +00

insert(Q, (No, dsup), )
while @ # Q)Odo \-\ -

(N, dint) — extract(Q) Figure 7: Approximate distance field and offsets.
if is-leaf(V) then

return [din, dsup|

2

else
new-entry(Q, N.L, p) Figure 7 shows an approximate distance field for the
new-entry(Q, N.R, p) butterfly used in Section 5; it was computed with the

distance-estimate algorithm using a strip tree of uniform
depth7 andd;,.¢ as an approximate distance. In this image,
the darker the point, the farther it is from the curve. Due

The auxiliary procedureew-entry adds an entry to the
queue, updatinggup:

new-entry(Q, N, p): to the Mach band effect, the medial axis appears in dark,
compute [dio, dni] < D(p, N.B) being the locus of first-order discontinuity of the distance.
if dni < dsup then deyp < dhi Figure 7 also shows some approximate offsets computed

if dio < dsup then insert (N, d,) into Q from this distance field (cf. [18]).



Figure 9: Capped rectangle.
Figure 8: Geometric parameters defining a rectangle.

rapidly to the curve. Interval arithmetic can provide guar-
Computing the distance interval anteed bounding rectangles, but they would be aligned with
the axes, and so would converge more slowly to the curve.
Compare Figure 10 with the last example in Figure 4. For
arecent approach restricted to splines, see [20].

We now show in detail how to compute the distance inter-
val D(p, B) needed in proceduresert. We assume that
each rectangl® of the strip tree is represented by its cen-
ter o and two orthogonal vectons andwv, each parallel to
one side ofB and whose length is half of the length of that
side (see Figure 8). Then the distance integ), B) can
be computed with the following algorithm:
D(p, B):

r—p—o

a — (ryu)/{u,u)

B (r,v)/{v,v)

Sni — 1 —sign(a) - u — sign(B) - v

Slo «— 1 + clamp(«) - u + clamp(8) - v

return [ |siol, |Sni ]

Figure 10: Rectangle approximation computed with inter-

where - .
val arithmetic.
clamp(z) = min(1, max(—1, z)).
A quicker approximation, after Gaziec [8], is to ex- From the bounding rectangles provided by affine arith-
tend the rectangl® with two semicircular caps, as shown Mmetic, we built a multi-resolution representation that gener-
in Figure 9. Since the resulting capped rectariglecon- alizes to general parametric curves the strip tree representa-

tains B, we haveD(p, B) C D(p, B*). The rectanglesina  tion introduged _by Ballard [1] for poly_gonal curves. This
strip tree are usually very thin compared to their length, and representation is a key component in solving efficiently
so the difference betwedn(p, B) andD(p, B*) is usually several computer graphics problems. As an example, we

very small. We used (p, B*) instead ofD(p, B) to gen- showed how to compute approximate distance fields for
erate the approximate distance field shown in Figure 7. The parametric curves by combining the multi-resolution rep-
distance intervaD(p, B*) can be computed as follows: resentation computed with affine arithmetic with an algo-
D(p, B): rithm similar to one described recently by &iéc [8] (see
b, -

also [15]). Those distance fields provide an implicit approx-

rep=o imation to a parametric curve.

a — (ru)/(u,u)
Sni — 1 —sign(a) - u

Slo 1 + clamp(a) - u Futurework
g — /{v,v) Further work will be aimed at surfaces. The method for
return [max (0, |sio| — €), |sni| + €] computing bounding zonotopes described in Section 4 is

easily extended to handle parametric surfaces: We simply
use affine arithmetic to compute a three-dimensional zono-
tope containingr(W), whereo: Q C R? — R? defines
We have shown how affine arithmetic readily provides guar- the surface and’ C ). However, several important de-
anteed bounding rectangles for pieces of parametric curvestails are different.

Although these rectangles are not necessarily the small- First, computing a rectangular box containing the
est ones, they are aligned with the curve and so convergezonotope is much more complicatedRr? than inR2. Sec-

7 Conclusion



ond, and more important, is therm of 1. In the curve
case, the domain of was an interval, which was naturally
decomposed in other intervals. In the surface case, even

if the domain2 is a rectangle, there are several choices [12]
for decomposing it into subregio®. The simplest form
for W is a rectangld/ x V. This is also the best form
for computing with affine arithmetic. However, this choice [13]
leads to a quadtree decompositiofhfivhich is not always

suitable for geometric processing because it is topologically
inconsistent [25]. Quadtrees can be converted to triangula-

tions [25], but triangles are not suitable for computing with
affine arithmetic, which prefers zonotopes. We plan to use [14]
4-8 meshes [24]: they are hierarchical, topologically con-
sistent, and can be seen to contain only rectangles (aligned
with the axes or rotatedh degrees), which are suitable for
computing with affine arithmetic.
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