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The Dither Saga

1991- a Breakthrough …
• First paper from Brazil presented at the SIGGRAPH Conference



Research Follow-Up

• More 4 Papers on Digital Halftoning

- Pyramid Based Dithering, 

in Proceedings of Sibgrapi, 1991.


- Space Filling Curve Dither with Adaptive Clustering, 
in Proceedings of Sibgrapi, 1992.


- Stochastic Screening Dithering with Adaptive Clustering, 
Computer Graphics–Annual Conference Series, 1995.


- Color Halftoning with Stochastic Dithering, 
in Proceedings of the 1st European Conference on Color, 2002.

Intellectual Property
• 3 Patents in Brazil and United States 



Applications Development
• Visiting Scientist (1994)


- Hewlett Packard Imaging Laboratory, 
Palo Alto, CA

• Institutional Partnership (1992)

- Casa da Moeda do Brasil

Research Topic



Halftoning

• The World’s Oldest Image Processing Algorithm?

Printed halftone photograph from 1869,  
published in Canadian Illustrated News.  
 
First known use of printing plate halftoning.

"Method for creating the perception of continuous tone with a binary device”

How it Works ?

• Simulates continuous-tone through the use of dots,  
varying either in size or in spacing. 

• Relies on a basic optical illusion: 

- When the halftone dots are small, the human eye interprets  

the patterned areas as if they were smooth tones



Why it’s Important ?
• Many image rendering technologies only have binary output


• Examples:

- Analog Printers


- Bitmap Displays


- Inkjet / Laser Printers 

• Effective halftoning improve the quality of rendered images at minimal cost.

What are the Techniques ?
• Use cluster of pixels to represent intensity


- Trade Spatial vs. Tone resolution


• Halftone Patterns

• Dithering Techniques

- Periodic / Aperiodic


- Dot Dispersion / Dot Clustering



Background:  Images

Conceptual Framework

Physical Image

Continuous Model

Discrete Representation

Coded Image

planar image

functional model

matrix representation

raster file



Media Object
• Image  =>  Media Object

O = (U, f )

U ⊂ R2

f : U → E

- Image Support

- Attribute Function
rectangle [a,b] x [c,d]

E - Color Space

Rn

Image as a Function

• Functional Model

f : U → Rn

(x1, …, xn) = f(u, v)

f

(u, v)
(r, g, b)



Matrix Representation
• Support

U = [a, b] × [c, d] = {(u, v) ∈ R2, a ≤ u ≤ b, c ≤ v ≤ d}

Lattice Δ = (Δu, Δv)

Δ = {(ui, vj) ∈ U |ui = iΔu, vj = jΔv, i, j ∈ Z}

Image as a Matrix

• Discrete Image

(a1, …, an) = aij = f(ui, vj)

Am×n = {aij}, i = 1,m, j = 1,n

Image  <=> Matrix



Operations with Images

• Discretization

- Sampling

- Quantization / Dithering

• Representation

Discretization

Sampling Quantization

domain range
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Matrix Data Structure
O = (a, c)
Δ = Δu, Δv

R = m, n
t

A = {aij}

{O, Δ, R, t}

{a0,0, a0,1⋯a1,0, a1,1⋯}

Encoding

• Header

•  Data 
(pixels)

-  origin

-  sampling rate

-  spatial resolution
-  type of pixel 
   (color resolution) 

-  pixel matrix

OBS: enumeration

…

raster scan

Resolution
Pixel (Picture Element) 

• Spatial (geometry) 
- m, n (horizontal / vertical) 
- ppi  (pixels per inch) 
resolution  x  density  

• Color Resolution (number of bits of     ) 
- bi-level (1 bit) 
- mono (4-12 bits) 
- color RGB 3 x (4-32 bits)

aij

aij



Spatial Resolution 

Blur

Tonal Resolution 

Quantization 
Contours



Concepts:  Dithering

Problem Statement
Definition: 
- Dithering is a technique to minimize quantization effects by controlling 

dot patterns, such that halftones are preserved without visual artifacts.

• Constrained Optimization in Vision Perception by Image Processing !



Basic Mechanisms

(i)  Preserve Average Tonal Values over Areas

- Multiresolution of the Human Visual System 

 

(ii) Conceal Quantization Contours

- Neutral Patterns are not visually noticed

Quantization & Dither
• Binary Quantization:  Threshold     and   Error q(ix) ϵ = | ix − q(ix) |

0

1

q = 0.5

0

1

0

1

(ix < q)?0 : 1

ϵ(i0) = 0

i0 i1 i2

ϵ(i1) = 0.5
ϵ(i2) = 0

• Dithering the Quantization Threshold  𝒟 = q + dx

q = 0.5

0

1

dx
- Minimizes the Quantization Error 
- Create Patterns



Naive Dithering

• Fixed Threshold (0.5)

- Large Errors 


- Strong Contours

• Random Dither

- Averages Error


- Noisy

ground truth

Dither & Error
• Ordered Dither


- Space Variant Threshold


- Template-Based


- Independent of Image 
 

• Error Diffusion Dither

- Propagates Error Correction


- Image Dependent

template



The Dither Landscape 

• Dimensions

- Regularity of Patterns


- Size of Dots

Dispersed Clustered

Periodic

Aperiodic

Main Methods
• Classification



Ordered Dither

• Clustered 

• Dispersed 

Blue Noise Dither

• Floyd-Steinberg 
(error diffusion)



Intermission:   
Space Filling Curves

Space Filling Curves
• Definition:


- A Space-Filling Curve (SFC) is a continuous mapping , such that it’s trace  
covers the unit square 


• Intuition:


- A SFC maps a multi-dimensional space into a one-dimensional space. Therefore,  with 
  provides an ordered way to visit all points of  as the parameter t moves from 0 to 1.


• Construction by a Limit Process:


- Consider a sequence , then  is the limit 


- The curves  constitute approximations of  that visit successively greater number of points.

c : I → ℝ2 c(I)
I2 = [0,1] × [0,1]

c(t)
t ∈ [0,1] I2

cn : I → I2 c(I) c = lim
n↦∞

cn

cn c(I)



SFC Gallery
• Hilbert space-filling curve 

 

• Peano space-filling curve 
 

• Sierpinski space-filling curve 
 

• Lebesgue space-filling curve

Generating SFCs

• Grammar-Based Models

- L-System (Lindenmayer)


• Shape Grammars


- Fractal Curves (Self-Similar)


• Construction

- Axiom (initiator)


- Productions (substitution)



• Grammar

- Alphabet 

set of symbols


- Axiom 
initiator


- Production 
substitution Rules


• Parallel Application

Grammar

Recursive Substitution

Parallel Rewriting System

G = (V,!, P )

V

!

P

alphabet :  A B
axiom :    A
rules :   (A → AB), (B → A)

Grammar-Based Models

Hilbert Curve defined by L-System
• Grammar:

• Generations (0-4):



The Paper:  SFC Dither

The Paper
• SIGGRAPH 1991: 


18th Annual Conference on Computer Graphics and Interactive Techniques

Luiz Velho, Jonas Gomes



On the Shoulders of Giants  
Key Idea: 
“Space-filling curve bridges the gap between continuous and discrete”  

• Used in Every Aspect of the Method

- Image Parametrization


- Cluster Generation


- Error Distribution


• Makes the Algorithm Simple and Effective
David Hilbert

The Method

• Subdivision of the source image into small regions based on the trace 
of the space filling curve;


• Computation of the average intensities of each region;


• Determination of the dot patterns of the dithered image corresponding 
to each intensity.



Algorithm

• The processing implicitly accounts for propagating the quantization error along the path
• The same buffer is used for both input and output image 

Dot Pattern Generation
• Region R 


- 4 X 4 pixels  (Size = 16)
• Dot Patterns 


- 1 to 16



Changing Cluster Size
• Progression of Cluster Sizes

6

12

20

32

60

120

Related Work

Printing pressBitmap Displays Inkjet / Laser

space filling curve dither

• Unifies Aperiodic Dot Generation

• Suitable for All Printing Technologies



The Indian Boy

• Candido Portinari (1938)

Implementations



A Journey through Time

• First Implementation (1990)

- Paper SIGGRAPH 1991


• Second Implementation (2016)

- iPhone App Store 


• Third Implementation (2024)

- IMPA’s Summer Course 2025

Wrap Up



What Next ?

• Relations with VISGRAF Lab Research Themes

- Illustrative Rendering

• Let’s Code Together 

- Inside View

Part II

Next Class

Pause for a Break…



Coding SFC Dither
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About Coding

Questions to Answer..
• What Is ?


- Object 

• Where ?

- Context

• How ?

- Methodology

• What For ?

- Purpose

• Why ?

- Motive 



Software Development 

The Elements

• Programming Languages


• Integrated Development Environment 


• Operating System


• Target Platform



Programming Languages

• There are hundreds of programming languages—over 700 have been documented

- but the exact number depends on how you define it

Understanding Languages
• Categories


- Mainstream Languages


- Domain-Specific Languages


- Experimental Languages


- Historical Languages


• Classification Criteria

- Abstraction Level / Paradigm


- Compilation vs. Interpretation 


- Typing System / Syntax Design


- Execution Model / Memory Management 


- Domain / Use Case



IDE.s
• Integrated Development Environment

Popular IED’s

Platforms / Operating Systems
• Key Platforms


- Linux / macOS / Windows


• Mobile Platforms

- Android / iOS


• Web Platforms

- Browsers / Cloud


• Gaming Platforms

- Console / PC / Cloud


• Embedded Systems

- IoT / Wearables



Implementing a Prototype

First Implementation - 1990
• Language:


- Plain “C" (Kernighan & Ritchie)


• IDE:

- Unix Programming Tools (CC / Make)


• Operating System

- BSD Unix


• Computer

- SUN Workstation



The Code
• Files

Creating an Application



Second Implementation - 2016
• Language:


- Objective-C


• IDE:

- Xcode (Simulator)


• Operating System

- iOS


• Computer

- iPhone

App Store 
• Developer Portal



iPhone App

• About the App • Save Dithered Image

• Load Source Image• Change Cluster Size

iPhone App

• About the App • Save Dithered Image

• Load Source Image• Change Cluster Size



iPhone App

• About the App • Save Dithered Image

• Load Source Image• Change Cluster Size

iPhone App

• About the App • Save Dithered Image

• Load Source Image• Change Cluster Size



iPhone App

• About the App • Save Dithered Image

• Load Source Image• Change Cluster Size

iPhone App

• About the App • Save Dithered Image

• Load Source Image• Change Cluster Size



Xcode
• Project

Revisiting the Past 4U



Third Implementation - 2024
• Language:


- Objective-C / Swift


• IDE:

- Xcode


• Operating System

- MacOS


• Computer

- Apple Mac-Pro

XCode
• Project



MacOS App
• Window

Click

MacOS App
• Window



Q & A


