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Abstract. We present a new algorithm to compute a geodesic path over a triangulated surface. Based in Sethian’s
Fast Marching Method and Polthier’'s Straightest Geodesics theory, we are able to generate an iterative process to
obtain a good discrete geodesic approximation. It can handle convex and non-convex surfaces as well.

1 Introduction of the surface if0(nlogn), and integrate back a differen-

Geodesic curves are useful in many areas of science ancral equation to get the geodesic path. Unlike the others, the
. X . y ar X i ast algorithm does not give the exact geodesic paths but an
engineering, such as robot motion planning, terrain naviga-

tion, surface parameterization [4], remeshing [11] and front 32512])i(rllrgitelgt5elgrtc?fe:§ \F,)\,rg )p()lrrgsg(s)g i%otuhlids gzg:f r.?;:gil_
ropagation over surfaces [9]. The increasing development . . )

gf oﬂsgrete surface modelé 1:15 well as the gse of s[r)noothgorlthm of Chen gnd Han [3] builds a data structure .based

surfaces discretization to study their geometry demandedi(:r:jgggig? fgﬂg?,:/dtlﬁg\sl\'/ al\?ecf(r)(?r:rt?osrtot;ag]:tigahs; ;Igg:;h;z'

the definition of Geodesic Curves for polyhedral surfaces

. ) runs inO(n?) time withO(n) space. There are many other
E:)lljtg]t’h?ar:g hence the study of efficient algorithms to com- algorithms to compute shortest geodesics; for more infor-

. . i fer th 7 he ref
Such curves are callebliscrete Geodesics and there mation, we refer the reader to [3, 5, 6, 7] and the references

. . - . therein.
exist some different definitions for them, mostly depending In section 2 we do a quick review of the definitions
on the application in which they are used. Considering a for smooth and discrete surfaces. Section 3 presents the

?zfcc;dizsrﬁa?/i: tshzorz:i?é F\:\ittjr:al?/ elj\g:ggé\?{r?i tlioc?r']nts on the surEilgorithm, which is the main contribution of this paper. We

: . begin with an approximate path and use an iterative process
In this paper we are concerned with the problem of 9 bp P P

compute a locally shortest geodesic joining two points over to approach the trye geodesic path. Finally in SeC“O’? 4 we

the surface. There are some slightly different formulations ShOW. some experimental results and adapt our algorithm to
X ) ) S the single source shortest path problem.

for this problem. The simplest version is tHagle source

shortest path problem, in which one wishes to find a short- o ) o

est path between a source point and any other point on thel-1 Préliminary notationsand definitions

surface. Another, more complex, version of the problem We will restrict the study of the discrete geodesics com-

asks for a subdivision on the surface such that a shortestputation to manifold triangulations. An extension to non-

path between any pair of points in the surface can be found manifold discrete surfaces is left to future works. We con-

quickly; this is known as thell pairs shortest path prob- sider a discrete surfacg as a finite set” of (triangular)
lem. faces such that:

Most of the algorithms use front propagation or some
other kind of Dijkstra’s-like algorithm. In 1987 Mitchell, 1. Any pointP € S lies in at least one trianglg € F'.

Mount and Papadimitriou [7] proposed the Continuous Di-
jkstra technique to build a data structure from which we
can find a shortest path between the source and any point in
time O(k + logm), wherek is the number of faces crossed

by the path anah is the number of mesh edges. This algo- We denote by a greek lettey(a, - - - ) a curve over a

rithm runs inO(m” log m) time and require®(m?) space.  smooth surface, and use capital greek lettBrg(, - - - ) to
In 1999 Kapoor [5] also used wave propagation techniques, denote curves over discrete surfaces.

very similar to Continuous Dijkstra, but with more efficient The length functional(y) = lengthy) defined on
data structures, to get &(n log® n) algorithm,n beingthe  the set of curves over a smooth surfatean be extended
number of mesh vertices. Sethian’s Fast Marching Method ig § as:

(FMM from now on) was used by Kimmel and himself [6] L(T) = Z L(T)y),

to define a distance function from a source point to the rest fer

2. The intersection of two different trianglesh, € F'is
either empty, or consists of a common vertex, or of a
common edge.



whereL(T'|) is measured according to the Euclidean met- 4. ~ has vanishing geodesic curvature , = 0 L

ricin facef. From item 4 of proposition 1 above, it can be con-

. cluded that geodesic curves behave as straight as they can,
2 Geodesic Curves if we see them from an intrinsic point of view. As a matter

Geodesic curves generalize the concept of straight lines forf fact, the curve variation up to a second order takes place
smooth surfaces. Therefore, they have several “good” prop—_only in the <_j|rect|on of the surface normal if it has vanish-
erties, discussed on section 2.1. Unfortunately it is not pos- INg geodesic curvature. On the other hand, item 2 tells us
sible to find such a class of curves over meshes sharing allthat & shortest smooth curve joining two pointsand B
these properties; as a consequence there are some diffelS & geodesic. The converse is not true in general: there are
ent definitions for geodesic curves on discrete surfaces, dis-9€0desic curves which are critical points of the length func-
cussed in section 2.2, that depend on their proposed uselional but are not shortest. Nevertheless, the property of be-
The rest of this section was mainly extracted from refer- ing shortest is desirable for curves in many applications and

ences [2, 8].

2.1 Geodesic Curvesin Smooth Surfaces

Consider a smooth two-dimensional surfgcand a differ-
ential tangent vector field : U C G — TpG.

Definition 1 Let y € TpG, and consider a parameterized
curve o : (—e,e) — U, with «(0) = P, o'(0) = y and
let w(t), t € (—e,e) betherestriction of the vector field
w to the curve a. The vector obtained by the projection
of (dw/dt)(0) onto the plane T'pG is called the covariant
derivative at P of the vector field w relative to the vector
y. This covariant derivative is denoted by (Dw /dt)(0).

The definition of the covariant derivative depends only
on the fieldw and the vectoy and not on the curve. This

concept can be extended to a vector field which is defined

it is perhaps the characterization of geodesic curve more
used in practice. Another interesting property of geodesics
is that they may have self-intersections, what is impossible
for shortest curves.

2.2 Discrete Geodesics

A curve defined over a mesh will be regular only if it is
completely contained in one face or on a set of connected
coplanar faces. The existence of such set of connected and
coplanar faces happens to be very improbable. Therefore,
the existence of regular curves passing for more than one
face is unlikely. This is the first obstacle that we encounter
when trying to generalize geodesics to discrete surfaces.
The second one is the fact that it is not possible in general
to find a large enough set of curves over discrete surfaces
for which all items of proposition 1 hold.

There are some different generalizations of geodesic

only at the points of a parameterized curve. We denote thecurves to a discrete surfade all of them called ofiiscrete

covariant derivative of a vector field (¢), defined along a
curvea, by (Dw/dt)(t). For details on this subject see [2].

Consider a curvey : I — G parameterized by arc
length, i.e,|y'(t)] = 1 for all t in I. An example of a
differential vector field along is given by the fieldw (¢) =
~'(t) of the tangent vectors of.

Definition 2 ~ issaid to begeodesic at ¢ € I if the covari-
ant derivative of v’ at t iszero, i.e.,

Dy'(t)

dt ;
~visageodesicifitisageodesicfor all ¢t € I.
The following proposition characterizes geodesic curves.
Proposition 1 The following properties are equivalent:
1. yisageodesic.

2. yisalocally shortest curve; i.g itisacritical point of
the length functional L(y) = length(~).

3. 7" isparallél to the surface normal.

geodesics. Quasi-geodesics were defined by Aleksandrov
[1] as limit curves of geodesics on a family of converging
smooth surfaces. He also defined discrete geodesics as criti-
cal points of the length functional over polyhedral surfaces;
in other words, he define them as locally shortest curves
over.S. From now on we call thershortest discrete geo-
desics or simplyshortest geodesics. In particular, the prob-

lem we address in this paper is to find a shortest geodesic
joining two points over a triangular mesh.

Polthier and Schmies [8] definattaightest geodesics
inspired in the characterization of smooth geodesics given
by item 4 of proposition 1. They definetiscrete geodesic
curvature as a generalization of the well-known concept of
geodesic curvature and straightest geodesics as polygonal
curves overS with zero geodesic curvature everywhere. If
we callg the sum of incident angles at a poifitof a curve
~ overS andf,. andé, the respective sum of right and left
angles (see figure 1), the discrete geodesic curvature is de-

fined as or /0
-5 (3-%)

1The geodesic curvature, generalizes to surfaces the concept of cur-
vature of a plane curve. See reference [2].

tig(P)




Choosing, instead of),. changes the sign af,. A straight-

est geodesicis a curve with zero discrete geodesic curvature
at each point. In particular, straightest geodesics always
haved, = 6, at every point.

7
X
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Figure 1: Right and left angle§( andé, resp.) in a curve.

0, => a;andd; = > 6.

Definition 3 A mesh vertex is classified by the sum @ of its
incident angles as:

1. Euclideanif 27 — 6 = 0,
2. Sherical if 20— 6 > 0, or
3. Hyperbolicif 27 — 6 < 0.

The following proposition explores the difference be-

Algorithm: Compute Geodesic

Input: A triangular MeshS, and two pointsd
andB oniit.
Output: A discrete geodesiE joining A andB.

step 1. Get initial approximatiod’y

step 2. lteratively correc’; (i =0,1,---) to
reach a good approadh, of I'

Figure 2: The algorithm for shortest geodesic computation.

3.1 Gettingan initial approximation

Finding an initial curvel'g over S is rather simple if we
considerA and B as vertices, which is not a restriction at
all, since we can add them to the vertices set in an easy
manner, see figure 3. Thus, in the followingand B will

be treated as vertices.

Figure 3: Inserting the pointl in S as a mesh vertex: it
belongs to the interior of a face (a) and to an edge (b).

tween straightest and shortest geodesic. It was proved by

Polthier and Schmies [8] and will be very useful in defining
an strategy to compute a shortest geodesic.

Proposition 2 The conceptsof straightest and shortest geo-
desics differ in the following way:

1. Ageodesic+y containing no surfacevertexis both short-
est and straightest.

2. Astraightest geodesic through a spherical vertexisnot
locally shortest.

3. There exist a family of shortest geodesics through a
hyperbolic vertex. Only one of them is a straightest
geodesic.

3 Geodesic Computation

The algorithm that we propose to compute a shortest geo-
desicI’ betweend and B consist of two main steps. First,
compute a curv&'y joining A and B; second, evolve it to

I'. These steps are sketched in figure 2 and the next two
subsections explain in details how to perform them.

We need an initial polygonal cuni&, joining vertices
A andB. The simplest idea is to take some path restricted
to the edges. The closer curlg is to the real geodesic
I, the fewer the number of iterations needed in the second
step. Our first attempt was using Dijkstra’s Algorithm, but
there are some examples where the minimum (Dijkstra’s)
path is far from a geodesic one. In figure 4 we compare the
results of using Dijkstra’s Algorithm and FMM to compute
[y in aregular plane triangulation.

We decided to use FMM to define a distance function
in the vertices of the mesh, as done by Kimmel and Sethian
[6]. They solve the Eikonal equation

V7| =1

whereT'(P) is the (geodesic) distance framto any point

P on S (see references [6, 10] for details). The efficiency
of this process relies on the propagatiorfobver.S main-
taining a narrow band of vertices close to the front. Ofice
is computed for every vertex, they must solve the ordinary
differential equation

dx(s
ds

=-VT



Algorithm: First Approximation

Input: A triangular MeshS, and two pointsd
andB onit.
Output: A restricted to edges palhy joining A andB.

step 1. ComputeTl'(P) for each vertex” in S
using FMM

step 2. PutB in Ty

step3.Pp=B, i=0
while P; is not equal tod

(@) P;1 = Neighbor ofP; with smaller
distancel'(P;41) from A.

PUtPi+1 inTy

1=1+1

Figure 5: Computing first approximatidny. It is a path
betweend andB restricted to the edges 6f

prone. In the next section we describe our strategy to im-
prove the initial approximation.

AAAAAAAAAA TAAAAAA A 3.2 Correctinga path

(0) Once we have an approximatidh to the geodesit’, we
need to correct it in order to get a new culvg; closer to
I'. Sincel’; is a polygonal line joiningd and B, we just
have to correct the position of every interior vertex, trying
to reduce, as much as possible, the length of the cligve
As I has to coincide with a segment of a line inside every

to _get the geodesic pat:)h(s). To _mtegrat_e thls_equ_auon, face ofS, we restrict the vertices of our successive approxi-
using Huen’s method" is approximated in the interior of mationsTy, T, T, and s0 on, to lie on the edges or vertices
a face by interpolating a second degree polynomial to the g T '
previously computed values @f at the vertices of the face .We will use different procedures to correct the posi-
and its three neighboring faces. This process involves SOME,ins of the vertices of the polygoni} which belong to the
numerical problems and some care must be taken. For in-
stance, the minimum of the interpolant polynomial could be
reached in the interior of the face, or it could be a degener-
ated quadric. In our implementation, we avoid integration
and proceed as follows; place poitin the pathl’, add

to I'y the neighbor ofB with minimal distance fromi, go

on in this way and stop whea is reached. We sketch this
process in algorithm 5. The correctness of this step is guar-Suppose the polygonal cur¥g is given by the sequence

Figure 4: First Approximatiofi'y: Dijkstra’s Algorithm (a)
and FMM (b).

interior of mesh edges and of those coinciding with mesh
vertices, since they do not behave in the same way. For in-
stance, a point belonging to an edge has only two adjacent
triangles while a vertex may have any number of them.

3.21 Correction of avertex in theinterior of an edge

anteed since the distan@ewas defined increasingly from  of verticesB = Py, P;1,- - , Py, = A. For a vertexP;;

A. Moreover, the same argument permits us to stop FMM (5 € {1,2,--- ,n — 1}) lying in the interior of an edg&,
onceT'(B) is computed. The remaining points (whéfe we wish to correct its position in order to get a shorter curve
was not defined) will hav&' (P) = oc. I';4+1. To do that, we unfold the two triangles adjacenEio

Even in the case where we use the whole Kimmel and and define the new;,, ;; as the intersection point of
Sethian’s algorithm to compute a shortest geodésigt with the line joiningP; ;1 andP; ;11 (see figure 6 (a)).
must be corrected since distance computation and integra- ~ Sometimes there is not intersection point, as in figure 6
tion are performed approximately, and consequently are errofb). In such cases we replafg by the vertex ofZ which is



Figure 6: Correcting the vertex position on an edge. In-

P; ;1. Finally, whenP;; is hyperbolic we have two cases.
The first one occurs whef). andé, are both larger than.

In this case no correction is needed, since the curve can-
not be shortened by moving;; (see proof of proposition 2
[8]). If one of the angles, s&j,, is smaller thanr then the
geodesic must pass through the corresponding sidg, pf

we then proceed to flatten it up an compute the line join-
ing P; j_, andP; ;1. In all cases we have to compute the
intersections of the computed line with the edges of the cor-

tersection inside the edge (a), and outside (b). Correctedresponding flattened part 6%, and we have to insert them

polygonal vertices are marked with(a

closer to the intersection point between the line containing
E and the line passing bi; ;—; andP; ;.

In both cases the corrected verteX, ;; gives the
shortest curve passing #%; ;1 andP; ;4 inside the two
triangles sharing edgg. In some cases (see section 3.2.2)
it is necessary to replace verték; by more than a vertex
when correcting’;. Also, some vertices may be eliminated.
These facts justify the notatiaR; 1, ; used above for the
corrected vertex in curvg; ;.

3.2.2 Correction of avertex which isalsoamesh vertex

When P;; coincides with a mesh vertex, the correction is
not so simple as in the previous case. Notice that, fyy,
usually belongs to more than two triangles. We need to find
a shortest path betwedn ;_; andP; ;i in the union of
all triangles containing?;; as vertex. Supposg;; corre-
sponds to thé™ vertex ofS; then such union of triangular
faces will be calledS;,. For simplicity P; ;_; and P; ;1
are supposed to be on the boundanSgf otherwise one
of them belongs to the interior f;, and in that case we
can eliminate it fronT'; without any loss of information. In
fact, this vertex elimination will result in a shortest curve
(see figure 7).

Figure 7: Elimination of a vertex insidg,.

We first classify vertex?;; as in definition 3 by com-
puting left and right angle&; andé,., and then we shorten
the curve by taking into account proposition 2. Hf; is
euclidean therfy, is part of a plane and we just have to
join P;;_y to P; 1. If Py is spherical then no short-

in the polygonal curve in the correct order.

3.2.3 Someremarkson path correction

Figure 8 summarizes the path correction step. Itis inspired
in Polthier’s straightest geodesics theory, more precisely in
the characterization given in proposition 2 about the differ-
ences between shortest and straightest geodesics.

Algorithm: Path Correction

Input: A triangular MeshS, and a polygonal curve
I'; joining A andB.
Output: A shorter pati; ; joining A andB.

Pii1o=Po=BandPyi, =P, =4

forj=1,2,--- ,n—1
if P;; belongs to an edge
correctP;; using section 3.2.1
else
correctP;; using section 3.2.2

Figure 8: Algorithm for a path correction step.

To get better path correction, and speed up the itera-
tion convergence as a consequence, weRise j_1, the
last corrected vertex, instead Bf ;_;. We will get a bet-
ter correctionP; ;1 ;» since we use a vertex whose position
was previously corrected. Besides, with this simple mod-
ification we are able to prove that our algorithm actually
reduces the length af; at each step.

In section 3.2.2 we chose to trace the geodesic line
in the side ofS;, with smaller angle. This election was
not arbitrary. At hyperbolic vertices, the geodesic can only
be traced on the smaller angle’s side since the other side
cannot be flattened. On the other hand, at spherical ver-
tices it is possible to flatten both sides but the law of the
cosines ensures that the shortest path is obtained in the side
with smaller angle. Although the problem of selecting the
right side ofSj, to look for P,y j» seems not to be nec-

est curve may pass through it; in this case choose the paressary at euclidean vertices, the shortest path should also

of Sy, with smaller angle, flatten it up, and joiR; ;_; to

pass through the side with the smaller angle. In order to



be convinced of this fact, consider the triangle formed by
P;;j_1, Py andP; j1; the angle inP;;, which is an in-
terior angle of a triangle, must be less thanhence the
smallest betwee#,. andf;, since their sum 8.

3.3 Convergence

Consider the sequenddT’;) of curve lengths. An inferior
bound on the sefL(T';), ¢ = 0,1,2,---} is given by0
since the length aof ; must be always positive. In the other
hand, the length df ; is reduced at every vertex correction,
so we have the inequalities

L(To) > L(Ty) > -+ > L(Tiey) > L(T}) > -+ >0,

hence the sequendg(T';) converges. Based on this fact
and considering thdt; ., is not allowed to be far fronf';
(T';+1 lies in the union of triangular faces touchiig), we
conjecture that our method convergesto a cdrwehich is
very close to a shortest geodesic, i.e., to a local minimizer
of the length functional. A natural question is when it is
also a global one. As in many other optimization problems, )
global optimality depends on the initial approximatibp. Figure 9: Geodesics over the Stanford bunny. The com-
The curvel', given by FMM usually happens to be a good _pute_d geodesics (a) and the geodesics with the first approx-
initial approximation (see figures in next section), and we imations (b).

can expect our final curve to be very close to a global mini-
mizer of the length functional.

An iterative process should always be controlled by a
stop criterion, usually based in some error measure. MaybeC|OSG|y related with our algorithm is the single source short-
the most natural error measure for geodesic computation is€st path problem. This problem consists of computing a
given by curve length. However, the difference between shortest path from a source poiAtto every point in the
the lengths of two successive approximations could be very surfaces.
small even when the curve is far from a shortest geodesic. ~ To extend our algorithm in order to solve the single
This behavior is due to the fact that the evolution of the source problem is straightforward. We just need run the
curve has small variation close to mesh vertices, what is distance approximation given by FMM until it has been
usually solved in a second iteration step. In our implemen- computed for all surface points instead of stopping when
tation, we define a measure of error for each curve vertex @ target pointB is reached as done in step 1 of figure 2.
based on proposition 2, and then define a curve error mea-After that, step 2 in figure 2 must be performed for every
sure as the maximum vertex error. For vertices lying in vertex ofsS.
the interior of mesh edges and vertices coinciding with eu- Figure 10 shows some examples of the application of
clidean mesh vertices, we define the error as the differencethis algorithmto a sphere and to a simplified Stanford bunny
between left and right anglés andé,.. For vertices coin- mesh. Notice that no two curves cross over, which is a nec-
ciding with spherical mesh vertices we define the error as a€ssary condition for them to be shortest geodesics. This
huge value, since no shortest geodesic can pass through itgiVES an indication of the correctness of the algorithm.

For vertices coinciding with hyperbolic mesh vertices we

define the error as zero if both andé,. are greater than 5 Conclusions

and as a huge value otherwise, because only in the first cas
a shortest geodesic can pass throughit.

(b)

4.1 Singlesourceproblem

?Ne have presented an iterative algorithm to compute a short-
est geodesic between two points over a discrete surface. At
each step it computes a new curve with smaller length. This
is done by reducing locally the curve length at each vertex.
In this section we show some results of our algorithm. In It explores the fact that the intersection of a mesh face with
figures 9, 11 and 12 (a) we show geodesics over the Stan-a shortest geodesic is a line segment, and hence its vertices
ford bunny and Costa’s surface. In figures 9, 11 and 12 (b) lie on mesh vertices or edges. The proposed iterative pro-
we also show the first approximatidy. cess allows also to improve an approximation given by any

4 Experiments
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Future work will study the convergence of the sequence [11] O. Sifri, A. Sheffer, and C. GotsmarGeodesic-
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Figure 11: A geodesic over Costa’s Surface. The computedFigure 12: Detail of the geodesic on figure 11 from a dif-

(b)

geodesic (a) and the geodesic with the first approximation ferent angle. The computed geodesic (a) and the geodesic

with the first approximation (b).

(b).



