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Abstract

We presenta new algorithmto computea geodesigathover a triangulatedsurface.Basedon Sethians
FastMarchingMethodandPolthier’s StraightestGeodesicsheory we areableto generateniterative
procesdo obtaina good discretegeodesiapproximation.It canhandleboth corvex and non-cowex
surfaces.

Wede ne anew classof cunes,calledgeodesidéziercurves thataresuitablefor modelingon manifold
triangulations.As a naturalgeneralizatiorof Béziercurves,the new curvesareassmoothaspossible.
We discussthe constructiorof C° andC? piecavise Béziersplines. We alsodescribenow to perform
editingoperationssuchastrimming, usingthesecurves. Specialcareis takento achieve interactive rates
for modelingtasks.

After giving an appropriatedie nition of corvex setson triangulationswe useit to studythe conver
genceof thegeodesi@lgorithm,aswell asthecorvex hull propertyof geodesi®éziercurves. We prove
someresultsconcerningconvex sets.

Keywords: DiscreteGeodesicGeodesidBézierCurve, Manifold Triangulation,de CasteljauAlgo-
rithm, DiscreteDifferential Geometry Spline Curves, Free-lorm Design,Cornvex Sets
on Triangulations.






Resumo

Nestetrabalhoapresentamasm novo algoritmoparacalculargeodesicasemtriangula®es.Baseadamo
“FastMarchingMethod” deserolvido por Sethiane nateoriade “StraightestGeodesicstle Polthieg

geramosum processaterativo que permiteobterumaboaaproxima@o da geoesicadiscreta. Nosso
algoritmofuncionatantoemsuperfciescorvexasquantonao corvexas.

De nimos umanova classede cunvas, chamadasle curvasde Bézier geocksicas que sao adequadas
paramodelagemem triangula®es. Sendouma generaliza@o dascurvas de Bézier planas,as novas
cunassaotaosuaresquantopossvel. Discutimosa constry&ode splinesde BézierC® e Ct. Tamtem
descrgemosum mododerealizaropera®esde edicdo,como“trimming”, usandcestasunas.

Damosumade nigao alternatva de conjuntoscorvexos em triangula®es,a qual € maisadequadao
estudoda convergénciado algoritmo paracalculargeocdesicas. Estade nigao tamkem permiteprovar
a propriedadedo fecho corvexo dascurvasde Béziergeocesicas.Além dissoprovamosalgumaspro-
priedadeselativasaosconjuntoscorvexosemtriangula®es.

Keywords: GeodesicaDiscreta,Cunva de BézierGeodesica,Algoritmo de de CasteljauConjuntos
Corvexosem Triangula®es,GeometriaDiferencialDiscreta.
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Intr oduction

Discretesurfaces,especiallytriangulations are presentin mary applicationsrangingfrom simple 3D
objectsto sophisticateanechanicaénginesor complex scanningnodels.Consequentlyawide rangeof
modelingtechniguedave beendeveloped[3, 4, 6, 20, 22,/36] to createor modify them. Most of these
techniquesely onthe useof parameterizationgarryingthe dif culties associatedo their use.

A greatamountof effort hasbeendevotedto obtaininggoodparameterizationfor discretesurfaces.A
very goodreferencdor this subjectcanbefoundonthetutorialsof FloaterandHormann[12,/13] andthe
referencegherein. However, the selectionof the parameterizatiomppropriatedor certainapplication
depend$othonthesurfaceandthe applicationitself.

In this thesiswe develop an algorithmto computegeodesiacurveson triangulations.Sinceit doesnot
dependon a parameterizationany modelingoperationdependingon geodesicswill also be parame-
terizationindependent.That property permittedus to develop a simple geodesic-basetbolbox to do
modelingoperationdirectly on the meshwithout facingthe problemsassociatedo parameterizations.
Thede nition andstudyof geodesiBéziercurves,aswell astheconstructiorof C° andC*? splines help
usto designcomplicateccurveson the surface,or to determineandselecta region thatcanbe trimmed,
have atexturemappedo it, or evenbe paintedwith a color differentfrom therestof the surface.Those
basicoperationsare,severaltimes,the startingpoint for moresophisticate@pplications.

1.1 Notationsand Preliminary De nitions

1.1.1 DiscreteSurfaces
We restrictthis work to the studyof curvesde ned on manifold triangulations.Thus,we will usethe
following de nition of discretesurfaces.
De nition 1.1 AdiscretesurfaceS isa nite setF of (triangular) facessud that:
1. Anypointin S liesin at leastonetrianglein F.

2. Theintersectionof two differenttrianglesin F is eitherempty or consistsof a commorvertex, or
of acommoredg.

3. Eadh pointin S hasa neighborhoodvhich is eitherhomeomorphito a disc,or homeomorphito
a semi-disc.

Let P be a vertex of the discretesurfaceS, and bethe sumof all its incidentangles. The discrete
Gaussiarcurvatureof S at P is givenby (P) = 2 [26]. The verticesof discretesurfacesare
classi edaccordingo Gaussiarcurvature:
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De nition 1.2 A meshvertexis classi edaccodingtothesum ofits incidentanglesas:
1. Euclideanif 2 =0,
2. Sphericalif 2 > 0, or
3. Hyperbolicif 2 < 0.

1.1.2 Curve Notations

We denoteby agreekletter( , , ,:::)acurveoverasmoothsurface.andusecapitalgreekletters(A,
B, ,:::)todenotecurvesoverdiscretesurfaces.
A polygonalline onatrianglemeshS is de ned asa sequencef nodesf Pg;P1;:::;Phg S such

thatevery line segmentP; P;.; is alsocontainedn S. We referto polygonalverticesasnodes,n order
to differentiatethemfrom meshvertices.

1.1.3 Length Functional

The lengthfunctionalL( ) = length( ) de ned on the setof curvesover a smoothsurfaceG canbe
extendedo S as: X
L() = L( jt)s

f2F

whereL ( j;) is measuredccordingo the Euclideanmetricin facef .

1.1.4 Continuity

Curvesde ned over atriangulationS cannotbe smooth,the only exceptionbeingwhenthey arecom-
pletely de ned on a planarpart of S, which is usuallynot the case. However, ascontinuityis a local
propertywe cananalyzethe intrinsic behaior of a curve Con S by looking at the intersectionof the
neighborhoodsf eachcurve pointwith S.

We de ne CX continuityat pointshaving aneighborhoodsometricto a planeastheusualCk continuity
in the unfolding of thatneighborhood.In particular this appliesto pointslying in theinterior of mesh
edgesandfaces.In the caseof meshvertices,continuityis notwell de ned.

1.2 Overview

Chaptef2 describesaniterative algorithmto computegeodesigathson triangulations. Two different
iteration stratgjiesto reachthe geodesiccurve are presented.This algorithmis very suitablefor the
modelingtasksdiscussedaterin this work.

GeodesiBéziercurves,which aresuitablefor modelingon manifoldtriangulationsarede nedin chap-
ter3. Someresultsabouttheir smoothnesandtheir similarity with classicaBéziercurvesareproved.
It is alsopresented discussioron the constructionof C° andC?! piecavise Béziersplines,andit is
describechow to performeditingoperationssuchastrimming, usingthesecurves. Specialcareis taken
to achieve interactive ratesfor modelingtasks.

After giving anappropriatedie nition of corvex setson triangulationsjn chaptef4, we useit to study
thecornvergenceof thegeodesi@lgorithm,aswell astheconvex hull propertyof geodesidéziercunes.
Someresultsconcerningcorvex setsareproved. Finally in section5 we give concludingremarksand
indicatepotentialfurtherresearch.



Discrete Geodesic Curves

Figure2.1: Geodesico®ver the Stanfordbunny. The rst approximationsthe geodesicsandboth.
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Geodesiccurvwesareusefulin mary areasof scienceand engineeringsuchasrobot motion planning,
terrain navigation, surfaceparameterizatio12], remeshing31] and front propagtion over surfaces
[27]. Theincreasingdevelopmentof discretesurfacemodels,aswell asthe useof smoothsurfacesdis-
cretizationto studytheir geometrydemandedhe de nition of GeodesicCuresfor polyhedralsurfaces
[2,126], andhencethe studyof ef cient algorithmsto computethem.

Suchcurvesare called Discrete Geodesicand thereexist somedifferentde nitions for them, mostly
dependingpnthe applicationin which they areused.Consideringa geodesi@sa shortespathbetween
two pointson thesurfaceis perhapghe morewidely usedde nition.

In this chaptemwe areconcernedvith the problemof computinga locally shortesgeodesigoining two

pointsover the surface. Thereare someslightly differentformulationsfor this problem. The simplest
versionis the singlesouice shortestpath problem in which onewishesto nd a shortesipathbetween
a sourcepointandary otherpointon the surface. Another morecomple, versionof the problemasks
for asubdvision onthesurfacesuchthata shortespathbetweerary pair of pointsin the surfacecanbe

foundquickly; thisis known astheall pairs shortestpathproblem

Most of the algorithmsusefront propagtion or someotherkind of Dijkstra's-like algorithm. In 1987
Mitchell, Mount and Papadimitriou[24] proposedthe ContinuousDijkstra techniqueto build a data
structurefrom which we can nd a shortestpath betweenthe sourceand ary point in time O(k +
logm), wherek is the numberof facescrossedoy the pathandm is the numberof meshedges.This
algorithmrunsin O(m? logm) time andrequiresO(m?) space.In 1999Kapoor[15] alsousedwave
propagtion techniquesyery similar to ContinuousDijkstra, but with moreef cient datastructuresto
getanO(nlog? n) algorithm,n beingthe numberof meshvertices. Sethians FastMarchingMethod
(FMM from now on) wasusedby Kimmel andSethian 18] to de ne a distancefunctionfrom a source
pointto therestof thesurfacein O(n log n), andintegratebacka differentialequatiorto getthegeodesic
path. Unlike the others,the lastalgorithmdoesnot give the exactgeodesigathsbut an approximation
to it; this approximationcould be improved usingthe iterative processwe proposein this paper The
algorithmof ChenandHan[5] builds a datastructurebasedon surfaceunfoldings. In contrastto the
otheralgorithms,it doesnot follow the wave front propagtion paradigmandrunsin O(n?) time with
O(n) space.Therearemary otheralgorithmsto computeshortesgeodesicsfor moreinformation,we
referthereadetrto [5,'15, 18,24, 32] andthereferencesherein.

Chapter overview: In section2.1 we do a quick review of the de nitions for smoothand discrete
surfaces Section2.2 presentshe geodesialgorithm,whichis the maincontrikution of this chapter We
begin with anapproximatgathanduseaniterative procesgo approachhetrue geodesigath. Finally
in section2.3 we shav someexperimentalresultsandadaptour algorithmto the singlesourceshortest
pathproblem.

2.1 GeodesicCurves

Geodesicurvesgeneralizéheconcepbf straightlinesfor smoothsurfaces.Thereforethey have several
“good” propertiesdiscussedn section2.1.1 Unfortunatelyit is not possibleto nd sucha classof
curvesover meshesharingall thesepropertiesasa consequenctherearesomedifferentde nitions for
geodesicurveson discretesurfaces discussedn sectiori2.1.2 thatdependon their proposedise. The
restof this sectionwasmainly extractedfrom reference§10, 26].

2.1.1 Geodesiccurveson smoothsurfaces

Considermsmoothtwo-dimensionasurfaceG andadifferentialtangentvectoreld w : U G! TpG.

De nition 2.1 Lety 2 Tp G, andconsidera parameterizeccurve : ( ";") ! U, with (0) = P,
%0) = y andletw(t); t 2 ( ";") betherestrictionof thevector eld w to thecurve . Thevector
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obtainedby the projectionof (dw=dt)(0) ontotheplaneTp Gis calledthe covariant derivativeat P of
thevector eld w relativeto thevectory . Thiscovariantderivativeis denotedby (D w=dt)(0).

The de nition of the covariantderivative dependsonly on the eld w andthe vectory andnot on
thecure . This conceptcanbe extendedto a vector eld which is de ned only at the points of a
parameterizedurve. We denotethe covariantderivative of avector eld w(t), de nedalongacune
by (Dw =dt)(t). For detailson this subjectsee[10].

Consideracurve :1 ! Gparameterizethy arclength,i.e,j Yt)j = 1foralltin 1. An exampleof a
differentialvector eld along is givenbythe eld w(t) = Yt) of thetangentvectorsof

De nition 2.2 issaidto begeodesiatt 2 | if thecovariantderivativeof Catt is zeo, i.e.,

D At _

@t 0

is a geodesidf it isa geodesidorall t 2 1.
Thefollowing prop characterizegeodesicurves.
Proposition 2.1 Thefollowing propertiesare equivalent:
1. isageodesic.
2. isalocally shortestcurve;i.g, it is a critical point of thelengthfunctionalL ( ) = length( ).
3. s parallel to the surfacenormal.
4. hasvanishinggeodesicurvatue ¢ = ofL.

Fromitem/4/of Proposition2.1above, it canbe concludedhatgeodesicurvesareasstraightasthey can
be,if we seethemfrom anintrinsic pointof view. As a matterof fact,the curve variationupto asecond
ordertakesplaceonly in the directionof the surfacenormalif it hasvanishinggeodesicurvature. On

the otherhand,item2 tells usthata shortessmoothcurve joining two pointsa geodesic The corverse
is nottruein generalitherearegeodesicurveswhich arecritical pointsof thelengthfunctionalbut are
notshortestNeverthelessthe propertyof beingshortests desirablefor curvesin mary applicationsand
it is perhapghe characterizatiof geodesicurve moreusedin practice. Anotherinterestingproperty
of geodesicss thatthey may have self-intersectionsyhichis impossiblefor shortesturves.

2.1.2 Discretegeodesics

A curve de ned over a meshwill beregularonly if it is completelycontainedin onefaceor on a set
of connectedcoplanarfaces. The existenceof suchsetof connectecand coplanarfacesis very rare.
Therefore the existenceof regular curves passingthroughmorethanonefaceis unlikely. Thisis the
rst obstacleghatwe encountemwhentrying to generalizegyeodesicso discretesurfaces.Thesecondne
is thefactthatit is not possiblein generato nd alarge enoughsetof curvesover discretesurfacesfor
which all itemsof Proposition2.1 hold.

Thereare somedifferentgeneralization®f geodesiacuresto a discretesurfaceS, all of themcalled
of discretegeodesicsQuasi-geodesioserede ned by Aleksandre andZalgaller[2] aslimit curvesof
geodesic®on a family of corverging smoothsurfaces. They alsode ned discretegeodesicsascritical
pointsof thelengthfunctionalover polyhedrakurfacesjn otherwords,they de ne themaslocally short-
estcurvesover S. Fromnow on we call themshortestdiscretegeodesicor simply shortestgeodesics
In particular the problemwe addressn this chaptelisto nd ashortesgeodesigoining two pointsover
atriangularmesh.

PolthierandSchmieq26] de ned straightestgeodesicsnspiredin the characterizatioof smoothge-o-
de-sicsgivenby item[4 of proposition2.1 They de ned discretegeodesiaurvatue asa generalization

1Thegeodesicunature g generalizeso surfacesthe concepif cunatureof aplanecurve. Seereference 10].
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of the well-known conceptof geodesicunatureandstraightesggeodesicaspolygonalcurvesover S

with zerogeodesicurvatureeverywhere lf wecall thesumof incidentanglesatapointP of acurve
over S and , and | therespectie sumof right andleft angles(see gure 2.2), the discretegeodesic

cunatureof atP isde nedas

2

o(P) = —

Choosing | insteadbf , orchangingheorientationof , changeshesignof 4. A straightesigeodesic

is acurve with zerodiscretegeodesicurvatureat eachpoint. In particular straightesgeodesicgways

have , = | ateverypoint.

r

NI

>

N

P P
Figure2.2: Rightandleft angleq ; and | resp.)in acurve. ; = jand | = i

Let usformalizethe conceptf discretegeodesid¢hatwe aregoingto use,following [2].

De nition 2.3 Giventwo points X andY on a surfaceS, a shortestarc X Y is the shortestof the
recti able curvesjoining thepointsX andY .

De nition 2.4 A curvein which ead pointhasa neighborhoodor which the segmentof the curvein it
is a shortestarc is calleda shortesgeodesic

Remark 2.1 The term shortestgeodesianay be confusing. Although every shortestarc is always a
shortestgeodesicthe corverseis not true. Note alsothata shortestgeodesids a critical point of the
lengthfunctional,andthata shortestarcis a globalminimum, not necessarilyinique. Thus,we referto
shortestarcsasoptimalshortesgeodesics.

Thefollowing two lemmaswereextractedfrom [24].

Lemma 2.2 LetS beaconnectedliscretesurface Thele existsa shortesigeodesidromP to anyother
pointQ 2 S. Furthermoe, amongthe shortesigeodesichetweerP andQ there existsat leastonethat
is optimal.

Lemma 2.3 Thegeneal form of a shortestgeodesids a path which goesthrough an alternating se-
guenceof verticesandedge-crossingsubpathsud thattheunfoldedmage of theedge-crossingsubpath
is a straightline sgment,andtheleft andright anglesof the pathare greaterthanor equalto when
passinghrougha meshvertex.

The following propositionexploresthe differencebetweenstraightestand shortestgeodesic. It was
provedby PolthierandSchmieq26] andwill beveryusefulin de ning anstratey to computeashortest
geodesic.

Proposition 2.4 Theconceptof straightestand shortestgeodesicdliffer in the following way:
1. Ageodesic containingno surfacevertex is bothshortestandstraightest.
2. A straightestgeodesic¢hrougha sphericalvertex is notlocally shortest.

3. Theee exist a family of shortestgeodesicghrougha hyperbolicvertex. Exactlyoneof themis a
straightestgeodesic.
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2.2 GeodesicComputation

Thealgorithmthatwe proposeo computeashortesgjeodesic betweerA andB onasurfaceS consist
of two main steps.First,computea cune ¢ joining A andB; secondgevolveit to . Thesestepsare
sketchedn algorithm2.1andthe next two subsectiongxplain in detailhow to performthem.

Algorithm 2.1 ComputeGeodesic

Input: A triangularMeshsS, andtwo pointsA andB onit.
Output: A discretegeodesic joining A andB.
stepl. Getinitial approximation g
step2. Iteratively correct ; (i = 0;1; ) toreachagoodapproximation , of

2.2.1 Getting an initial approximation

Findinganinitial curve o over S is rathersimpleif we considerA andB asvertices,whichis nota
restrictionat all, sincewe canaddthemto the setof verticesin aneasymanneysee gure Thus,in
thefollowing, A andB will betreatedasvertices.

SN

Figure2.3: Insertingthe point A in S asa meshvertex: it belongsto theinterior of aface(a) andto an
edge(b).

We needan initial polygonalcurve ¢ joining verticesA andB. The simplestideais to take some
pathrestrictedto the edges.Thecloser g is to therealgeodesic , the fewer the numberof iterations
neededn the secondstep. Our rst attemptwasusingDijkstra's Algorithm, but thereare someexam-
pleswhereDijkstra's algorithmmay producea minimum paththatis very far from a geodesione. In
gure [2.4 we comparethe resultsof using Dijkstra's Algorithm and FMM to compute o in a regular
planetriangulation.

EYESAYANAY AN

@ | (b)

Figure2.4: First Approximation g: Dijkstra's Algorithm (a) andFMM (b).
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We decidedto useFMM to de ne a distancefunctionin the verticesof the mesh,asdoneby Kimmel
andSethian18]. They solve the Eikonalequation

jr Dj=1,

whereD (P) is the (geodesiciistancerom A to ary pointP on S (seereference$§18, 30] for details).
Theef ciency of thisprocesseliesonthepropagtionof D overS maintaininganarrav bandof vertices
closetothefront. OnceD is computedor everyvertex, they mustsolvetheordinarydifferentialequation

d (.

ds D

to getthegeodesigath (s). To integratethis equationusingHuens method D is approximatedn the
interior of afaceby interpolatinga seconddegreepolynomialto the previously computedsaluesof D at
theverticesof thefaceandits threeneighboringfaces.This processnvolvessomenumericalproblems
andsomecaremustbetaken. For instancethe minimumof theinterpolantpolynomialcouldbereached
in the interior of the face,or the polynomial could be a degeneratedjuadric. In our implementation,
we avoid integrationand proceedas follows: placepoint B in path ¢, addto ¢ the neighborof B
with minimal distancefrom A, go onin this way andstopwhenA is reachedWe sketchthis processn
algorithm2.2 The correctnes®f this stepis guaranteedincethe distanceD wasde ned increasingly
from A. Moreover, the sameargumentpermitsusto stopFMM onceD (B) is computed.Theremaining
points(whereD wasnotde ned)will haveD(P) = 1 .

Algorithm 2.2 First Approximation

Input: A triangularmeshS, andtwo pointsA andB onit.
Output: A restrictedto edgegath  joining A andB.
step1. ComputeD (P) for eachvertex P in S usingFMM
step2. PutB in ¢
step3.Pp=B, i=0
while P; is notequalto A
Pi+1 = Neighborof P; with smallerdistanceD (P;.; ) from A.
PutPi+1 in ¢
i=i+1

Evenwhenwe usethewhole Kimmel andSethians algorithmto computea shortesgeodesicb, it must
be correctedsincedistancecomputatiorandintegrationare performedapproximatelyandconsequently
areerrorprone.In the next sectionwe describeour stratey to improve theinitial approximation.

2.2.2 Correctinga path

Oncewe have anapproximation ; to thegeodesic , we needto correctit in orderto geta new curve
i+1 closerto . Since ; is apolygonalline joining A andB, we just have to correctthe positionof

interior nodes trying to reduce,asmuchaspossible the lengthof thecurve ;. As hasto coincide

with aline segmentinsideevery faceof S, we restrictthe verticesof our successie approximations o,
1, 2 :::tolie onedgesor verticesof S.

The pathcorrectionstepis describedn algorithm2.3. It is inspiredin Polthier's straightesgeodesics
theory more preciselyin the characterizatiorgiven in proposition2.4 aboutthe differenceshetween
shortestindstraightesgeodesics.
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Algorithm 2.3 Path Correction

Input: A triangularmeshS, andapolygonalcurve ; joining A andB.
Output: A shorterpath 1 joining A andB.
Pi+1,0 = Pio = B andPjs1;p0 = Pip = A
forj =12, ;n 1
correctthe positionof nodeP;;

EachnodePj is correctedto the new position Pi+1 ;o suchthat the curve segmentbetweennodes
Pi+10 1 andP;; +1 goesto the geodesigoining them,restrictedto the setof facesthatareneighbors
to Py .

Notethatwe useP;.; jo 1, thelastcorrectedhode,insteadof P;; ;. Doingthat,we do not needextra
spaceto storethe new curve, sinceit is enoughto substituteP;; 's positionby its new positionP; 1 .
We will alsogetabettercorrectionP;.; ;; o Since,to computeits position,we usea nodewhoseposition
was previously corrected.Finally, we areableto prove that our algorithmactuallyreduceshe length
of ; ateachstep,whatcannotbeguaranteedsingtheold neighborP;; 1.

In somecasegwhenP;; coincideswith ameshvertex) it is necessarjo replacenodeP;; by morethana
nodewhencorrecting ;. Also, somenodesmay beeliminatedwhenapproaching meshvertex. These
factsjustify the notationP; .1 ;j o usedabove for the correctechodein curve .1 .

We will usedifferentprocedureso correctthe positionsof the nodesof the polygonal ; which belong
to theinterior of meshedgesandof thosecoincidingwith meshvertices sincethey do notbehae in the
sameway. For instancea pointbelongingto anedgehasonly two adjacentriangleswhile avertex may
have ary numberof them.

Correctionof anodein the interior of an edge.

nodeP; (j 2 f1,2;:::;n 1g) lying in theinterior of an edgee, we wish to correctits positionin
orderto geta shortercurve .1 . To dothat,we unfold the two trianglesadjacento e, andde ne the
new Pi.1 ;o astheintersectiorpointof e with theline joining Pi+1 jo 1 andP;j +1 (seegure(2.5(a)).

Pij +1

Figure2.5: Correctingthe nodepositionon an edge. Intersectioninsidethe edge(a), andoutside(b).
Correctechodesaremarkedwith thesymbol} .

Sometimeghereis not anintersectionpoint, asin gure [2.5 (b). In suchcaseswe replaceP;; by the
vertex of e whichis closerto theintersectiormpointbetweertheline containinge andtheline passingoy
Pis1;0 1 andPyj +1 .

In bothcaseghe correctechodeP; .1 ;o givestheshortesturve passingdy Pi+1 ;0 1 andP;; +1 inside
thetwo trianglessharingedgee.
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Corr ection of a nodecoinciding with a meshvertex.

WhenP; coincideswith a meshvertex, the correctionis not sosimpleasin the previous case.Notice
that, now, P; usually belongsto more thantwo triangles. We needto nd a shortestpath between
Pi+1;0 1 andPjj +1 in the union of all trianglescontainingP;; asvertex. SupposeP;; corresponds
to the k™ vertex of S; then,suchunion of triangularfaces the starof vertex k, will be denotedby Sy.
For simplicity Pj+1;j0 1 andP;; +1 aresupposedo be on the boundaryof Sy ; otherwiseoneof them
belonggo theinterior of Sy andin thatcasewe caneliminateit from ; withoutary lossof information.
In fact,this nodeeliminationwill resultin ashortercurve (see gure 12.6).

Figure2.6: Eliminationof anodeinsideSy .

We rst classifynodePj asin de nition[1.2 by computingleft andright angles | and ,, andthenwe
shorterthe curve by takinginto accountproposition2.4. If P;; is euclidearthenS, canbeisometrically
unfoldedto bepartof aplaneandwejusthaveto join theimagesof Pi+1 ;o 1 andP;; +1 intheunfolding
of Sx. If P is sphericathenno shortesicurve may passthroughit; in this casechoosethe partof Sy
with smallerangle, atten it up, andjoin P;1 jo 1 to Pij +1 . Finally, whenPj is hyperbolicwe have
two cases.The rst oneoccurswhen  and | areboth largerthan . In this caseno correctionis
neededsincethe curve cannotbe shortenedy moving Pj; (seeproofof proposition2.4[2€]). If oneof
theanglessay ., is smallerthan thenthe geodesianustpassthroughthe correspondingideof Sg;
we thenproceedo atten it up ancomputetheline joining Pi+1 ;0 1 andPij +1 .

In all casesve haveto computeheintersection®f thecomputedine with theedgesf thecorresponding
attened part of Sy andwe have to insertthemin the polygonalcune in the correctorder Like in
previouscasejt couldhapperthattheintersectiorpointis outsideof someedge(see gure [2.7); in that
casewe insertthe vertex of the edgein the pathaswe did before. Doing that, we usuallyobtaina path
whichis nottheshortesbneinsidethestarof P;; . It canbeimprovedperforminganew nodecorrection
ontheextremeof the correspondingdge obtainingthe shortespathbetweerthe neighborsof P;; 2,

YAV
@) \

Figure2.7: Correctinga nodecoincidingwith a meshvertex. Corvex star(a) andnon-cowex star(b).
Theresultingpathbeforethe additionalcorrectionin the non-comvex staris shovn asa dottedline.

Remark 2.2 Notethat,in all casesit is sufcient to tracethegeodesidine in thesideof Sy with smaller
angle.At hyperbolicverticesthegeodesicanonly betracedon the smallerangles sidesincetheother
sidehasanglebiggerthan andthe curve cannotbe shortenedn it. Onthe otherhand,it is possible

2Notethatin this casethe correctionhas“gone” outsidethe starof Pj; .
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sometimedo shortenthe curve in both sidesof an sphericalvertex, but the law of the cosinesensures
thatthe shortestoneis obtainedin the sidewith smallerangle. Although the problemof selectingthe

right side of S to look for P;.1 ;0 seemsnot to be necessaryt euclideanvertices,the shortestpath
shouldalsopassthroughthe sidewith the smallerangle. In orderto be corvincedof this fact, suppose
thatSy is partof a plane(otherwisewe can atten it isometrically),andconsiderthetriangleformedby

Pi+1j0 1, Py andPy; +1; theanglein Py , whichis aninterior angleof atriangle,mustbelessthan

hencethesmallesbetween ;, and |, sincetheirsumis 2 .

2.2.3 Implementation issues
Is it necessanto add new verticesto S?

To simplify theexposition,we supposedhatbothextremesof a geodesi@reverticesof themeshS. We
suggestedo add,if necessarynew verticesto S. However, thisis not necessaratall. In fact,we can
performall computationsvithoutaddingary new vertex to S; letssee:

De ning the initial curve ¢: Thede nition of the distancefunctionD beginsby settingD (A) = O,

andthempropagtingawave until D (B) is set.If A liesin theinteriorof afacef , we begin settingD at
theverticesof f astheeuclideardistanceD (V) = kV Ak, from A to V, andthenpropagtethewave.

If A liesin theinterior of anedgee, we bagin settingD at all the verticesof the two neighboringfaces
of e. ThepropagtionstopswhenthedistancdunctionD have beensetat oneof theverticeswhich are
neighborsof B. As for point A, therearethreeneighbordf B liesinsideaface,or four if B liesinside
anedge.Finally, the rst approximatioris computedasin algorithm2.2, but beginning at the neighbor
of B with smallervalue of the distancefunction D, and stoppingwhena neighborof A wasreached.
After thatweaddB andA to ¢ as rst andlastpointrespectiely.

Correcting points inside a face: Althoughthe nodesof geodesicsurvesarerestrictedto the edges
andverticesof the mesh,sometimesmay beinterestingto considercurveshaving nodesin theinterior
of faces.This happensfor instancejn the computationof geodesidBéziercurvesin chapter3 where
nodesin theinterior of facesareobtaineddueto a subdvision process.To avoid addingnew verticesto
the meshwe mustprovide a rule to correctnodesin theinterior of faces.Fortunately this rule is very
simple:asageodesianustbeastraightline in theinterior of faceswhene&er we needto correctanode
insideafacewe just eliminateit from the curve.

Stopping criterion

An iterative processhouldalwayshecontrolledby astopcriterion,usuallybasednsomeerrormeasure.
Perhapghe mostnaturalerror measurdor geodesiccomputationis given by cure length. However,
the differencebetweenthe lengthsof two successie approximationscould be very small even when
the curve is far from a shortestgeodesic. This behaior is due to the fact that the evolution of the
curve hassmall variation closeto meshvertices,whatis usually solved in a seconditerationstep. In
our implementationwe de ne a measureof error for eachcurve nodebasedon proposition2.4, and
thende ne a curve errormeasureasthe maximumnodeerror. For nodeslying in the interior of mesh
edgesand nodescoincidingwith euclideanmeshvertices,we de ne the error asthe discretegeodesic
cunature ¢, sincein thosecaseshortesandstraightesgeodesicgoincide.For nodescoincidingwith
sphericaimeshverticeswe de ne theerrorasa hugevalue,sinceno shortesgeodesicanpassthrough
it. For nodescoincidingwith hyperbolicmeshverticeswe de ne theerroraszeroif both | and  are
greatethan andasahugevalueotherwisebecausenly in the rst caseashortesgeodesicanpass
throughit.
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Boundary handling

In somecasesa geodesigathcantoucha boundaryor even coincidein partwith it. For examplein
a planewith a hole or a non corvex polygonashboundary see gure In orderto correctlyhandle

Figure2.8: Geodesic$ouchingthe boundary

thosecaseave musttake somecarecloseto theboundary A very simpleandeffective way to overcome
this problemis to try every boundaryvertex asan hyperbolicone. Thecurve ; dividesthe starof the
boundaryvertex Pj, into two regions,oneof themcontainingthe boundarywe assign2 to theangle
( r or ) correspondingvith thatsideof the curve. With this simpleprocedurewe updatea boundary
vertex only if the sideof  interior to the surfacehasanglesmallerthan , otherwiseit remainsthe
samesince ; cannotbeimprovedin a neighborhoodf P;, . In gure [2.9 areshavn somegeodesics
touchingthe boundaryin the bunry model.

Figure2.9: Geodesicgouchingthe boundaryin the bunny model. Right: Initial approximationsLeft:
Thegeodesics.

Speedingup corvergence.

In orderto improve the performancef our algorithm,we explore a differentcorrectionstrateyy. We put
all theinterior nodesof thecurve ¢ in aheapsortedby theerror In eachstepthe nodewith thelargest
erroris correctedthenit andits neighborsareupdatedn theheap.

Thisstrat@y is particularlyusefulif partof thepath ¢ is closeto beageodesibetweertwo intermediate
vertices,but it is far from the real geodesidetweenthe extremesA andB of . Thisis the caseof
geodesiBéziercurves,seechaptei3.
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Table2.1: Runtime andnumberof nodecorrectiondor theoriginally proposednethodandthealterna-
tive methodusinga heap.

Num. of || OriginalMethod || UsingaHeap
Nodes || changes| time | changes| time

49 60649 | 0.60 38089 | 0.65
29 37021| 0.37 20469 | 0.35
46 126303 | 1.22 48478| 0.82

103 1291478| 12.58 | 549298| 9.37
126 481039| 4.85 80585 | 1.40
75 161026| 1.60 51123 0.88

OO B W|N| -~

To testthe originally proposedalgorithmaggainstthe stratgy proposedn this sectionwe measuredqsee
tabld2.1) thenumberof nodecorrectionsandtheruntime (in secondsjsingeachmethod.Theprogram
stoppedwhen the error was smallerthan 0.005. The numberof node correctionswas considerably
smallerusinga heap;asaconsequenceintimesweresmallermostof thetimes.

Runtimesweremeasuredn an“Intel Pentium4 CPU1.60GHZz"runningFedoraCorel.

2.2.4 Convergence

Considerthe sequencé( ;) of curve lengths. A lower boundonthesetfL( ;); i = 0;1;2; gis
givenby 0 sincethelengthof ; mustbealwayspositve. Ontheotherhand thelengthof ; isreduced
atevery vertex correction sowe have theinequalities

LC o) L( 1) L(Ci 1) L(C) 0;

hencethe sequencé ( ;) converges. Basedon this factandconsideringhat ;. is notallowedto be
farfrom ; ( +1 liesin theunionof triangularfacegouching ;), we have anindicationthatourmethod
convergesto acurve b whichis very closeto a shortesgeodesici.e., to alocal minimizerof thelength
functional. In chaptef4 we do a deeperstudyof the corvergenceof algorithm2.1 A naturalquestion
is whetherD is alsoa global minimizer. As in mary otheroptimizationproblems,global optimality
dependon theinitial approximation ¢. The curve ¢ givenby FMM usuallyhappengo be a good
initial approximation(see gure [2.1), andwe canexpectour nal curve to be very closeto a global
minimizerof thelengthfunctional.

2.3 Experiments

In this sectionwe shav someresultsof our algorithm. In gures[2.1,(2.8,[2.10and2.11we shov some
geodesiceverthe Stanfordounry, Costas surfaceandafacemodel.In gures2.1and2.8we alsoshow
the rst approximations ( for thegeodesicén the bunny model.

2.3.1 Singlesourceproblem

Closelyrelatedwith our algorithmis the singlesourceshortespathproblem. This problemconsistsof
computinga shortespathfrom a sourcepoint A to every pointin thesurfaceS.

To extend our algorithmin orderto solve the single sourceproblemis straightforvard. We just need
run the distanceapproximatiorngiven by FMM until it hasbeencomputedor all surfacepointsinstead
of stoppingwhena tamget point B is reachedasdonein step1l of algorithm[2.1 After that, step2 in
algorithm2.1 mustbe performedor eachpointof S.
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(a) | Y

Figure2.10: Somegeodesic®ver Costas Surface all sharingacommonextreme(a),andazoomclose
to thecommaonextreme(b).

Figure2.12 shavs someexamplesof the applicationof this algorithmto computea geodesidrom a
vertex to all otherverticesin a sphereanda simpli ed Stanfordbunry mesh.Noticethatnotwo curves
crossover, which is a necessargonditionfor themto be shortesgeodesicsThis givesanindicationof

thecorrectnessf thealgorithm.
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(b)

Figure2.11: Somegeodesicever a Facemodel,all sharingacommonextreme(a),anda zoomcloseto
thecommonextreme(b).

Figure2.12: Usingour algorithmto solve singlesourceproblem.






Geodesic Bézier Curves

Figure3.1: Modelingon the surfaceof a cow. Fromleft: the control polygonsof two closedcurvesand
aC!? spline,thecorrespondingurves,aregionis lled with adifferentcolor andotheris trimmed, nal
result.

17
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Designingfree-formcurvesis a basicoperationin GeometricModeling. Doing soin Euclideanspace
is awidely studiedproblem;see[7, 11] andmary others.The problembecomesharder however, if we

wishto designonacurvedgeometrysuchastriangulatedsurfaces.Most existing work for the latertask,

relieson imposinga suitableparameterizationyhich is usuallyan unintuitive approachthatleadsto a

seriesof “trial anderror” operations We pursueinsteada directdesignin the geometryof the surface,
anapproachhathasreceved muchlessattention.

In this chapterwe introducea new classof curvesthat are suitablefor free-formmodelingdirectly on
the geometryof a manifold mesh. De ned by meansof the de CasteljauAlgorithm, they area natural
generalizatiorof Béziercurves. Thus,we call them“Intrinsic BézierCurves”.

Chapter overview: This chapterbegins,in section3.1 with a summaryof relatedwork. After summa-
rizing classicaBéziercurvestheory we de ne in section3.2 the new classof curvesandcomparehem
to the classicalones. A study of their usein modelingoperationss donein section3.3 Section3.4
describeshe constructiorof piecevise Béziersplinecurveson triangulations.

3.1 RelatedWork

ThedeCasteljawalgorithmhasbeenadaptedo Riemanniamanifoldsusinggeodesidnterpolation)25].

However, it hasbeenappliedonly to somesurfaceswheregeodesicomputationis relatively easy such
assphere®r Lie groups;see€[8, 29] andthereferenceshereinfor details. The only modelingoperation
studiedin thoseworksis the constructiorof cubicsplines.Furthermoretrimming seemgo bevery hard
to performin this setting. We de ne curvesusingthe sameideaasin [25], but we considermanifold
triangulations.

Anothergeneralizatiorof cubicsplinesto smoothmanifoldsis givenin [14, 28]. Thecurvesarede ned
by interpolatinga setof knot pointson the surface,minimizing an enegy functional. Theseresultsare
alsoapplicableto triangulationshut they requirethe computatiorof local smoothapproximationslf the
positionof a knotis changedthe whole curve mustbe recomputedincethereis no local control of its
shape Ontheotherhand theinterpolationof tangentvectorsor higherderivativeshasnot beenstudied.
Using geodesidBéziercurveswe canovercomethesedif culties, andit becomespossibleto prescribe
derivativesat knot pointsandto have local control of the segmentsof the Béziersplinecune.

Trimmingis averyimportantapplicationin CAGD. Thisoperations usuallydoneby meanof aparam-
eterization.Onehasto gure outwhich curve in the parametespacecorrespondso the desiredcurve
onthesurface,whichis generallya dif cult problem.Most of thetime thesecurvesareobtainedasthe
resultof CSG operationsor more generalsurfaceintersectiong20,6]. An approachfor subdvision
surfacesis to modify the original (coarse)meshin orderto obtaina trimmedlimit surface[4, 22]. Our
trimming operationsaredonedirectly on the meshandno parameterizatiors needed.

Recentworks[35,/34,'33] de ne ageneralframavork for curve subdvision schemesGeodesidBezier
cunes ts into this framavork. However, smoothnessf limit curvesis only studied— andproved—in
the caseof smoothmanifolds,consideringneshessan approximatiorof smoothsurfaceswhatis not
alwaysthecase.For example,a potentialusermaybeinterestedn modelingon a coarsemeshinsteacof
are ned one. Besidesmodelswith sharpfeaturesarebestapproximatedvith non-smootrsurfaces.In
thisthesiswe analyzethe smoothnessf geodesidBéziercurvesin the contet of triangularmeshesand
alsohow to handlemodi cationsin the positionof control pointsatinteractie rates whatis notdonein
thoseworks. Ourresultsarealsoapplicableto the othergeodesic-baseslibdvision schemestting into
this framework.
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3.2 GeodesidBezier Curves

Béziercurvesare of greatimportancewhenmodelingon R". A naturalquestionis how to generalize
themto curvedgeometriesin this sectionwe proposea classof curvesthatgeneralizeBéziercurvesto
manifoldtriangulations.

3.2.1 ClassicalBéezier Curves

Givenn+1 control pointsPy; P1;:::; Py in RY, they de ne a curve given by the following parametric
expression:
P(u) = @ w"'p; 0 ou 1 (3.1)
i !
P is known asBéziercure of degreen, andthe setof control pointsPg; P1;:::; P, formsits control

polygon.NotethatP interpolateghetwo extremecontrolpointsPy andP,, beingtangento the control
polygonatthesepoints. It also“imitates” theform of the controlpolygon,makingthetaskof designing
with Béziercurvesvery intuitive. That's the reasonwhy Béziercurvesareso popularfor CAD/CAGD
applications.More informationaboutthis subjectcanbe foundin [7, 11]; gure shavs anexample
of aBéziercure of degree3.

ThedeCasteljatAlgorithm [9] providesa geometrigprocedurdo evaluatea Béziercurve atary param-
eteru 2 [0; 1], usingrepeatedinearinterpolation:

Algorithm 3.1 deCasteljau

Pi[” :interpolate(Pi[j 11](u); Pi[j l](u); u).
step3. P(u) = PI"

In step2 we usethefunctioninterpolate(A; B ; u), which performsalinearinterpolationbetweem and
B with parameteu: interpolate(A; B;u) = (1 u)A + uB.

Figure3.2: A subdvision stepof a controlpolygonandits Béziercurve.

FromdeCasteljaus algorithmonecande ne asubdvision schemavhosdimit curveis theBéziercurve
givenby the controlpolygon. Givena parameteralueu anda controlpolygon,we canobtaintwo new
controlpolygonsfor the sggmentsP ([0; u]) andP ([u; 1]):
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Algorithm 3.2 Subdivisiorof a control polygon

P ([u; 1]) = bezieqP™; PIM H::::; plohy

Evaluatingthe curve at u, usingde Casteljaus algorithm,providesthe intermediaryinterpolatedooints

Pi” I The output(step2) arethe control polygonsde ning both (Bézier) segmentsof the curve. Fig-
ure/3.2 shavs a subdiision stepof the controlpolygonof a degree3 Béziercune.

Algorithm[3.2 providesthe rule for the subdiision schemeconverging to the curve. Additionally, this
schemeanbemadeadaptve by stoppingthe subdvision wheneer a controlpolygoncanbeconsidered
as“almoststraight”.

3.2.2 Beézier Curveson Manifold Triangulations

Intrinsic Bézier curvesare de ned by meansof the subdvision algorithmfor classicalBéziercunes.

The curve Cis de ned asthe limit of the subdvision schemegivenin algorithm(3.2 of section3.2.1
The maindifferenceis that the sidesof the control polygonareno longerline segments but geodesics
connectingthe control points. This imposesthe necessityof modifying the interpolationstepon algo-
rithm[3.1 Theequivalentto linearinterpolationin the geometryof the surfaceis theinterpolationalong
geodesidines. Algorithm/3.3 describesheinterpolationstepin the caseof manifoldtriangulations:

Algorithm 3.3 Interpolationon Manifold Triangulations

Input: A manifoldtriangulationS, two pointsQ; andQ, onit andaparameteu 2 [0; 1]
Output: A pointQ on S interpolatingQ: andQ,.
stepl. =ComputeGeodesifQq; Q>).
step2. Q = thepointof suchthat
d (Q1;Q) = ud (Q1;Q2)

In algorithm'3.3, d (A; B) computeshe distancebetweenA andB along . Notethatsince isa
polygonalline, it is very simpleto performstep2.

To computean approximationof C, we can usethe subdvision adaptve algorithm. It stopsat some
prescribedevel of subdvision or whenthe control polygoncanbe considerechsa geodesicsegment;
i.e.,whenall of its controlverticeshave errorsmallerthanaprescribedolerance Figuré3.3shavs some
geodesidéziercurvesalongwith their controlpolygons.

The useof de Casteljaus algorithmin the de nition of geodesidBéziercurvesmakesthema general-
ization of planarBéziercurves. Note thata geodesicon a planeis a straightline. Therefore whenthe
triangulationis planarbothconceptsoincide;seefor examplethe curvesdesignednthe (planar)faces
of thecubein gure 3.3 As in the caseof classicalBéziercurves,we have a parameterizationf our

cuneswith parameteu 2 [0; 1]. Evaluationat ary particularparameteralue canbe performedeasily
by subdviding the correspondingontrol polygonat eachlevel of subdvision, imitating the bisection
algorithmusedto computerootsof polynomials. Previous calculationscanbe usedto evaluateat new

parameteralues this canbe usefulwhenperformingmary evaluations.

It is known thatshortesgeodesicarenot uniqueon triangulations Consequentlythe useof a different
subdvision parametemayleadto a differentcurne. SogeodesiBéziercurvesdependon the control
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Figure3.3: SomegeodesiBéziercurves. Control polygonsarealsoshovn in the Cubemodel.

pointsandthe chosensubdvision parameteu. To our experience the curnves obtainedwith different
valuesof u arevery closeto eachother We arecurrentlystudyingthe theoreticalissuesrelatedto the
choiceof of u. In practice selectinga x edvalueof u givesusasubdvision curve. In thiswork we have
choseru = 0:5 andthereforewe have a midpointsubdvision schemeAll the gures weregeneratedh
thisway.

Geodesicalgorithm selection

Thereareseveral algorithmsto computegeodesic§seechapter2) andary of themcould be usedboth
to computegeodesidBéziercurvesandto performuserinteraction. We chosethe algorithmdescribed
in chaptef2 for two reasons.in rst place,it relieson the correctionof aninitial curve assumedo be
closeto the true geodesic.Sincede Casteljaus algorithmis a sort of cornercutting processa part of
eachcontrol polygoncanbe usedasinitial curve to computethe geodesicsieededn the computation
of controlpolygonsin the following level of subdvision. Onthe otherhand,duringinteractionthe nev
control polygonsare very closeto the previous onesandthey canbe computedvery fast. Using other
algorithmsas[32] also permitsvery fastinteraction,but at the costof storinga treefor eachcontrol
point. Thetreeassociateavith a controlpoint mustbe updatedary time its positionis changed.

3.2.3 Propertiesof GeodesicBeézier Curves

GeodesiBeéziercurvessharesomepropertieswith classicabnes.

Proposition 3.1 GeodesidBéziercurvesinterpolateP, and P, andare tangentto the contmol polygon
at thesepoints.

Proof: Considetthe rst line sggmentof the rst side(geodesidine) of thecontrolpolygon.lt is entirely
containedn afaceF andfor N largeenoughtheinitial sub-polygoratlevel N is entirely containedn
F. So,thecorrespondingurve segmentis a sggmentof a planarBéziercurve, which is tangentto the
rst sggmentof theN ™ level subpolygonthatis containecbnthe rst sideof the 1%t level polygon. So,
thecune is tangento its controlpolygonat Py; the sameappliesto Py, . 0

The corvex hull propertyof classicalBéziercurvesis very important. It permitsto know wherethe
cune is even beforeevaluatingit. This is speciallyimportantwhendesigningusingthe de Casteljaus
algorithm. In this casewe can stop subdviiding when the control polygonis almoststraight. After
de ning corvex hull in chapted we will establisithe corvex hull propertyfor geodesidéziercurves.
A consequencef the corvex-hull propertyis thatgeodesidBéziercurveshave linear precision i.e, if
all the control pointsare evenly distributedon a shortestgeodesicthe resultinggeodesidBéziercurve
is the sameshortestgeodesionith parameterizatioproportionalto curve length. If the pointsarenot
evenly distributedthe resultingcurve is alsothe geodesidut its parameterizatiors not proportionalto
thecurwe length.
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ClassicaBéziercurveshasC?! -continuity Letsstudythe smoothnessf geodesiBéziercurves:

Proposition 3.2 A geodesidBéziercurvehas(at least)C?! continuitywhenintersectingan edge of the
mesh.

Proof: Let sg bethe parametewvaluecorrespondingdo the point P(sg) of Cinterceptingthe edgee of
meshS. We have two cases(i) for N largeenoughthereis a sggmentCy ; of C completelycontained
in theunionof thetwo facesadjacento e, andsuchthatP (sp) 2 Gy ;i ; or (ii) case(i) doesnotholdand
so = k=2N, wherek is anintegersuchthatO < k < N.

In case(i) CisC! atP(sp), sinceit is a point of a planeBeziercurve de ned in the unfoldingof e. If
case(ii) holds,thereis anN large enoughsuchthateachof thetwo polygonscorrespondingo level N

of subdvision is containedn oneof the two facesadjacento edgee. So,in the unfolding of the two
facesthetwo segmentsof controlpolygonsatlevel N with P (sp) asendpointarecollinearandhave the
samelength. As a consequencthe planesplinede ned by thesetwo control polygonis (atleast)C* at
its junctionpoint P (S), andhenceCis C* atP (sp) too. 0

Proposition 3.3 Eact connectedomponenbf theintersectionof a geodesidBéziercurvewith theinte-
rior of ameshfaceisa C! planecurve exceptfor (at most)a countablesetof points,wheeit is C2.

T
Proof: Letf beafaceof S, ands the parametewvaluecorrespondingo thepointP(s) of C f.

As in the precedingproposition therearetwo casesy(i) for N large enoughthereis a sggmentG ; of
C completelycontainedn f andsuchthatP(s) 2 Gy ; or (ii) case(i) doesnothold ands = k=2V,
wherek is anintegersuchthat0O < k < N.

In case(i) Cis C! atP(s), sinceit is a point of a planeBeziercurve de ned in f . If case(ii) holds,
thereisanN largeenoughsuchthateachof thetwo polygonscorrespondingo level N of subdvisionis
containedn f . So,thetwo segmentsof controlpolygonsatlevel N with P (s) asendpointarecollinear
andhave thesamedength. As aconsequenctheplanesplinede ned by thesetwo controlpolygonis (at
least)C* atits junctionpoint P (s), andhenceCis C! atP (s) too.

Note that the set of points satisfying condition (ii) is nite in almostall the cases. When C pass
througha vertex of f, this setcanbein nite. However, it is countable sinceit is a subsetof fs =
k=2N: s.t.k;N 2 N;k < N gwhichis acountableset. 0

As a consequencef previous propositionswe have that C is assmoothas possiblein the interior of
facesandwhencrossinga meshedge. The analysisof the passag®f C throughmeshverticesis more
complicatedandis left asfuturework.

3.3 Modeling

In orderto modelwith geodesi@Béziercurveswe mustbeableto performtheusualmodelingoperations.
Moreover, the usershouldbe allowed to modify a curve at interactve rates. In this sectionwe rst
describehow to ef ciently handleuserinteraction. Following that, we presenta simple algorithmfor
region Il andtrimming.

3.3.1 UserInteraction

Fastuserinteractionis very importantin free-formdesignoperationsTheusershouldbe ableto modify
ary previously de ned curve by changingthe position of someof its control points. This operation
shouldbe asfastandeasyaspossible;for example,it mustbe possibleto selectanddragary control
point usingthe mouse. Every time the positionof a control pointis changedits neighboringsidesin
the control polygonshouldbe recomputed.These(at mosttwo) sidesare geodesidines andwe must
recomputethem very fast, at leastapproximately Eachnew (recomputedgeodesids very closeto
the old (original) one, since one of their extremesremain x ed while the otheroneis very closeto
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eee

Figure3.4: Igeamodel: Four differentpositionsfor themiddlecontrolpointin acurve with threecontrol
points.

the correspondingextremein the old curve. Hencewe use,asinitial approximationfor the algorithm
describedn section2.1, the original curve after addingto it the line segmentjoining its extremeto the
new control point position. Becauseheinitial sggmentis very closeto therecomputedne,this update
processunsvery fast. Additionally, we force the geodesicomputatiorto performfewer iterationsteps
duringinteractionsincetheuseronly needgo have agoodideaof theshapeof thecontrolpolygon.When
the userreleaseghe mouse full-precision geodesicsare computedandthe curve is thenrecomputed.
Figure3.4 shaws threedifferentpositionsfor the middle nodeduring userinteractionwith a third order
cune.

3.3.2 RegionFill and Trimming

We arenow concernedvith the problemof identifying a pieceof a surfaceS limited by oneor more
curvesde ned onit. Solvingthis problemallows usto trim (cut) a pieceof S, to paintit with a certain
color, or to mapatextureto it. GivenapointP in S, typically obtainedoy a mouseclick, theideais to
usea ood- Il algorithm,propagting a wavefrontfrom this point until it reacheghe boundarycunes.
Algorithm|3.4 describesow to identify thefacesn theregion R thatcontainsthe pointP.

Algorithm 3.4 Identifyregion

Input: A pointP 2 S T
Output: ThesetSg = ff 2 ffacesof Sg;s.tf R 6 ;g
stepl.f =facecontainingP.
step2. push(f ,LR)
step3. while Lr is notempty
g=pop(Lr)
push(g,Sr )
for h 2f neighborsof gg
if (can_propagateég 7! h))
push(h,Lr)

In algorithm3.4above, L is anauxiliary list of faces.Thefunctioncan_propagatereturnstrue if the
following threeconditionshold:

1. h doesnotbelongto LR,
2. h doesnotbelongto Sg , and

3. R containgheedgecommonto g andh, or partof it.
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In practiceit is not necessaryo know if condition3 holds. Insteadwe only considerthe facesthatare
adjacento edgesdntersectingegion R, see gure [3.6 WhenLr becomeemptywe havein Sg all the
facescontainedn theinterior of R andalsothefacescuttingthe boundarycurves. They arecoloredred
andgreenrespectiely in gure [3.5(left). Oncewe have identi ed thesetSg of facescuttingR, we

Figure3.5: Region nding stageslLeft: setSg with boundaryfaceshighlighted.Middle andRight: the
regionR aftereliminatingthe partof boundaryfacesnotbelongingto it.

A AX

Figure3.6: Propagtiondirections.Arrows indicateby whatedgescanthe wave be propagted.Bullets
indicatewhatportionof theedgeshelongto R (shadevedregion).

mustdecidewhich part of the boundaryfacesbelongsto R. To do that, during propagtion we mark
eachportionof anedgeintersectingR, see gure [3.6. With this informationwe candecidewhich part
of theplanarsubdvision de ned by theboundarycurvesin eachfacebelongsto R.

The above describedorocesscan easily be performedif the seedpoint P belongsto a facewhich is
entirely containedn R. If P belongsto a facecrossecdy the boundaryof R, we subdvide it until P
is insideaninterior face(see gure [3.7). For texture mappingor trimmingit is not sufcient to identify

o [

Figure3.7: Locatingseedpoint

thepartof S (i.e., theregion R) selectedy theuser It is alsonecessaryo have amodelof it. In those
casesve cantriangulatethe correspondingpart of eachfacecrosseddy the boundaryof R. Figure/3.8
shaowvs someregions lled or trimmedin the Cubeandthe Bunry models.

3.4 PiecewiseBézier Spline Curves

A powerful tool for modelingis theuseof piecavise splinecurves,allowing local controlof the shapeof
thecurve aswell asfastercomputationdy meansof sggmentd low degree.We wantto computepiece-
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Figure3.8: Filled andtrimmedregions: TrimmedCubeandStanfords bunry with two trimmedregions
andone lled.

wise splinecunesof geodesidBéziercurnes,so next we investigate how to guaranteesomecontinuity
atjunctionpoints.

As usual,CP continuityis reachedy de ning the rst controlpointof asegmentG.; to bethesameas
thelastcontrol point of its previous segmentG . To guarantee€C! continuityis harderbecausave must
have thelastsideof the controlpolygonof G alignedwith the rst sideof the controlpolygonof G.; .
Moreover, the length of thesetwo sidesmustbe the same. This meansthat we needto locatethree
controlpointsin the samegeodesidine. In otherwords,the positionof thetwo rst controlverticesof
thesegmentG., aredeterminedy the positionof the controlverticesof the previoussegmentG .
Giventhecontrolpolygonof thei™ segmentG of asplinecurve C, how to computethetwo rst control
points Py*t andP;** of G.1 ? Its rst control point P)*! is the sameasthe last control point P,
of G. Theseconcbne,Pi"1 , is hardto nd becauseave do notknow how to continuethe geodesidine
betweerP! , andP|. . For smoothsurfaceswe cancomputethe uniquegeodesigassingoy a pointin
adirection. Thisis notthe casefor shortesgeodesicen meshesNeverthelesghe straightesgeodesics
de ned by [26] have this nice property For thatreasorwe de ne the rst sideof the control polygon
of G.1 asthestraightesgeodesicontinuingthe lastsideof the controlpolygonof G. It is known [26]
thatif a straightesgeodesialoesnot passby a sphericalvertex, it is alsoa shortestgeodesic.Sowe
canexpectthatmostof thetimesour control polygonwill bede ned by meansf shortesgeodesicsit
is importantto notethatall the propertiesof section3.2.3arealsosatis ed if we replaceoneor more
of the shortesgeodesicdy straightesbnes.Thus,therelaxationwe did to the de nition of the control
polygon,in orderto have C* continuity, is morethanjusti ed.

Finally notethat modifying the positionof P!, modi es the positionof Pi*l andvice versa.In the
lastcasethelastsideof thecontrolpolygonof C; will beastraightesgeodesicModifying the position
of the junction point conduceus to modify at leastthe positionof oneof the control pointsP, ; and
Pfl . Figure3.9 shav theuseof C? splinesto write in the surfaceof the Stanfords bunry model. The
middlecurvwein gure isaC* spline,composedy 8 Béziersggments.
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Figure3.9: Splineson the surfaceof the bunry.



Convex Sets on Discrete
Surfaces

To de ne corvex setsin triangulationgequiressomecare. A nawve de nition, asthe intersectiorof the
surfacewith a convex set,will notwork becauset ignoresthe intrinsic geometryof the surface. As in
the caseof geodesicstherearedifferentde nitions obtainedby imitating the behaior of planecornvex
sets[2], but they aretoo restrictve. For example,non-optimalshortesgeodesicarenot corvex in the
usualsenseOurde nition allow themto be corvex.

In this chapteme de ne corvex setshasednthegeodesicunatureof the boundarycurves,andderive
the conceptof corvex hull in manifolds. Thosede nitions arevery usefulto prove the corvergenceof
the geodesialgorithmof chapter2, andthe corvex hull propertyof geodesidBéziercurvesde ned in
chapter3.

4.1 DiscreteGeodesicCurvature

Polthierand Schmieq26] de ned straightestgeodesicsascurveswith zerogeodesicurvature ¢(P),

where
2

o(P)= — 5 T

In orderto obtaina similar characterizatiofior shortesgeodesicswe mustemploy analternatve de -
nition of discretegeodesicunature:

De nition 4.1 Thediscretegeodesicurvatureof a polygonalcurveat a givenpoint P is givenby the
following expression.

8
<

0; if (P)>2; (P) and |(P)
s(P)=_1

; if (P)<2 and ((P)= (P)
g(P); otherwise

Remark 4.1 We usethe notation s to distinguishthis new de nition of discretegeodesiccurvature
from Polthier's one. Thesubinde& s standgor shortest.

Remark 4.2 Boundarypointsaretreatedashyperbolic,asdonein section2.2.3

With this alternatve de nition of geodesiccurvature at hand, we can characterizediscreteshortest
geodesic®n triangulations:

Proposition4.1 A polygonalcurve containedin a manifoldtriangulation S is a shortestgeodesidf
andonlyif its geodesicurvatue ¢ isidenticallyzeo.

Proof: Let beashortesgeodesionS andP anodeof . If P doesnotcoincidewith ameshvertex,
or coincideswith aneuclidearone,then ; and | areequals;consequently s(P) = ¢(P) = 0. If P

27
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coincideswith ahyperbolicvertex thenboth , and | mustbegreateithan , hence s(P) = 0. Finally,
P cannotcoincidewith a sphericalvertex.

On the otherhand,supposehat have zerogeodesicunatureeverywhere. That means-seede ni-
tion 4.1 and proposition2.4- that a small perturbationin the position of ary vertex will increasethe
lengthof . Thus,it is alocal minimum of the lengthfunctionalandconsequentha shortesigeodesic.

a

4.2 ConvexSets

It is known thatif the boundaryof a planecorvex setis a smoothcurve, thenits cunaturedoesnot
changeits sign[10]. If the boundaryis a polygonalline, thenat eachvertex the anglecorresponding
to theinterior of the setis smallerthatthe exterior one. Basedon thesefacts,we de ne corvex setson
triangulations.

De nition 4.2 Let C be a connectedsubsetof a surfaceS. Cis corvex if its boundary@ can be
parametrizedby a closedcurve :1 | @Csud that:

1.8t21 ((t) Oand
2. theinterior of setCis alwayssituatedin theleft sideof

Remark 4.3 If wereplace' ' by' 'and'left' by 'right' in de nition 4.2, wegetanequialentde nition
of convex set.

Remark 4.4 We do not requirethe curve  parameterizing@C to be simple. Otherwise,a simple
geodesiccurve would not be corvex. Figure4.1 shavs two cornvex setsin a planewith a hole where

theboundarycurvesarenot simple.

Figure4.1: In aplanewith a hole,two corvex setswhoseboundarycurvesarenotsimple.

Remark 4.5 Corvex setsin a planetriangulation(without holes)arealsocorvex in theusualsense.

Unfortunately the usualpropertiesof planarconvex setsdo not hold in the generalcasefor corvex sets
on triangulations.In next sectionwe aregoingto seean examplewherethe intersectiorof two convex
setsis notconnectedBesidestherearecorvex setshaving two differentpointsthatcannotbejoined by
anoptimalshortesgeodesic However, a corvex setalwayscontainsa shortesgeodesicnot necessary
optimal,joining two ary pointsin it.

Proposition4.2 LetCbea corvex setonthesurfaceS andlet A andB betwo pointsof C. Thenthere
existsa shortestgeodesigoining A andB thatis completelycontainedn C.

Proof: Considerthe surfaceS°de ned by the setC. Thereexistsa geodesic joining A andB on S°,
see[24]. We mustprovethat isageodesionsS.
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If doesnottouchtheboundaryof SCthenit is alsoageodesionS. Supposaow thatthepointP 2

belongsto the boundaryof S° If we choosean orientationof  suchthattheangle | of atP is the
onein theinterior of S° then | mustbe greaterthanor equalto , becauséoundarypointsaretreated
ashyperbolicvertices.This meanghattheangle | of @ atP is alsogreaterthanor equalto , but as
Cis acorvex setthen,lookingto @ asacurve on S, theangle , of @ atP mustalsobegreaterthan
orequalto . Hence,P is ahyperbolicor euclidearpointon S andthe geodesicurvature s(P) of

atP is alsozerowhenlookingto asacurvweonS. Thismeanghat isageodesionS. 0

Remark 4.6 The corverseof proposition4.2 doesnot hold. In gure 4.2 we shav a hon-cowex set,
containedn aplanewith ahole,whereevery pair of pointscanbejoined by a shortesgeodesic.

Figure4.2: A setin planewith ahole. It containsa shortesgeodesidetweerary pair of pointsalthough
it is notconvex.

4.3 ConvexHull

We wantto de ne corvex hull astheintersectiorof corvex sets.To do that,we muststudyif corvexity
is presered by this setoperation. Unfortunately this is not true; for example,the intersectionof two
meridiansn a sphereresultsin atwo-pointsetwhichis notevenconnected.

Althoughintersectiordoesnot presere convexity, we still canuseit to de ne convex hull. Thefollowing
lemmastateghateachconnectedomponenbf theintersectionis acorvex set:

Lemma 4.3 Theintersectionof two corvex setsC, andG is a collectionof corvex sets.

Proof: We know thattheintersectiorof two corvex setsmayhave morethanoneconnectedtomponent.
Let Cbeoneof suchconnectedcomponentsye mustprove thatit is a convex set.

The boundaryof Cis formedby a sequenc®f curvesbelongingto the boundarieof G andG. So, if

weprovethat ¢ remainssmallerthanor equalto zeroattheintersectiorof theboundarie®f G, andG,,

thenwe aredone. But this is true becauseheleft angle |(@(P)) atthosepointsis smallerthatboth
(@ (P)) and (@ (P)), andthusthegeodesicurvatureof @ atP is alsonegative:

2 2 + 2
s(P)zié .= r2I r_7I2r

Theabove formulaholdseverywhere gxceptat somehyperbolicverticeswhere | is greaterthan , but
in thosecases s(P) = 0. Notethatif P coincideswith a sphericalmeshvertex, then | is necessary
smallerthan ;. 0O

After lemma4.3we cande ne the corvex hull of curveson manifoldtriangulations:
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De nition 4.3 Let beacurvede nedonasurfaceS. Thecorvexhull of istheintersectionof all
convex setscontaining . [

C
Remark 4.7 Notethatwe cannotextendthe conceptof corvex hull in manifoldsto arbitrarysets. For
instancethe corvex hull of two polesof a spherevould bethetwo points,whichis notaconnectedcet.
However, this concepiis well de ned for curves,for whichthecorvex hull is alwaysacornvex connected
set.

Thefollowing propositionwill be usefulin section4.5.

Proposition 4.4 Givena simplepolygonalcurve , joining two differentpointsA andB, theareaof its
corvex hull A( ) isequalto zeo if andonlyif is a simpleshortesigeodesic.

Proof: If  is asimpleshortesgeodesicthenit is acorvex setandconsequently = ,soA() = O.

Now assumethatA() = 0, andsupposst is not a shortestgeodesic. Thereexists an interior node
Pi 2 where s(P) 6 0. Hence,the setboundedby the geodesidoining P; 1 andP;.;, andthe
segmentof betweerP; ; andP;.; belonggo . Buttheareaof thatset,whichis asubsebf | isnot
zero,whichis acontradiction. O

After de ning corvex hull, it is interestingto know how its shapedependson the curve. Next lemma
answetthis questionfor polygonalcurves.

Lemma 4.5 Theboundaryof the corvex hull  of a polygonalcurve is composedaf a sequencef
geodesicsagymentsvhoseextremesare nodesof

Proof: Weknow that (@ (:)) 0, supposghat s(P) < OatapointP 2 @.If P 2 ,thenwecan
join two pointsof its neighboringsidesin @ by a geodesisegment  notcrosseddy . Substituing
the portionof @ betweerthosepointsby o we obtainacornvex setG ~ containing , but then
would notbethecorvex hull of . 0

If theboundary@C of a corvex setis apolygonalcurve, we candistinguishtwo typeof nodesn it, those
wherethe geodesicunature ¢ is zero,andthosewith non-nullgeodesicurvature. Fromnow on, we
referto thelastonesasvertices.Doing this, we canlook at @ asa polygonwhosesidesaregeodesics.

4.4 On the Metric of Discrete Surfaces

Until now, thede nition of the lengthfunctionalwasthe only metric propertyof triangulationsneeded
for our exposition.In next sectionwe will needothermetric propertiesasdistanceandlimit.

Givenaconnectedliscretesurface,asde nedin chapterl, adistancebetweerits pointscanbede ned.

De nition 4.4 Thedistancebetweertwo pointsP and Q on a connectedliscretesurfaceS is de ned
asthelengthof an optimalshortestarc joining P and Q.

(PiQ) = inf TL( po)g

As statedin lemma2.2 if S is connectedherealwaysexistsa shortestrcjoining P andQ. Hencethe
distance iswell de ned. ThesurfaceS, providedwith , becomes metricspacql, 2]. A metriclike
thisone,wherethedistanceébetweertwo pointsis thesameasthelengthof theshortestrcsjoining them,
is calledintrinsic. Note thaton the interior of eachfacethe metricof S coincideswith the euclidean
metricandthenthe lengthof curves,asde ned in sectionl.1.3 is the sameasthe lengthof curveson
theintrinsic metricof S.

A metricspaceM is completef every Caucly sequenceorvergesto apointof M . Foraspacerovided
with anintrinsic metricwe cangive anequvalentde nition of completenessee[1].
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De nition 4.5 A metricof a spaceM is called completeif the Weierstrasstheoemholdsfor M , i.e, if
ead in nite boundedsetin M hasan accumulatiorpoint.

Thefollowing lemmais ratherobvious andis probablyproved someavhereelse. However, we have not
seent provedandwill give aproofhere.

Lemma 4.6 AdiscretesurfaceS, providedwith its intrinsic metric,is a completemetricspace

Proof: From de nition 4.5, it is enoughto prove that every in nite sethasan accumulationpoint.!
SupposéhatthesetA 2 Sisin nite. SinceS hasa nite numberof facesthereis afacef 2 S which
hasin nite pointsof A. Asinf theeuclidearandintrinsic metriccoincide,A hasanaccumulatiorpoint
onf , andsoit hasanaccumulatiorpointon S. 0

Thefollowing propositionwill beusefulin next section.

Proposition4.7 LetfC,gl-, beasequencef cIosedsetsinTa discretesurfaceS suh thatG,., G
andG, 6 ;. Thee existsa closetsetC 6 ; sudthatC = ﬁzo G andfor all " > 0O there existsan
n 2 Nsudthatif N  nthen (P;C) < "forallP 2 G.

Proof: The closedsetC existsandis non-emptysee[21]. Letsprove the secondpart. Supposehatit
doesnothold,i.e,thereisan" > 0suchthat8n 2 N thereexistsapointP, 2 G, suchthat (P,;C) ".
Considerthe sequencé P, g, from lemmad4.6 it hasa subsequenckPy, g corvergentto apointP and
(P;© ".Givenak 2 N, Py, 2 G forallk, kandhenceP 2 G, soP 2 Cand (P,;C) = 0.
But thisis acontradictionwith (P;C) ". 0

4.5 Applications

Thede nition of convex hull of curvesontriangulationshelpusto studythe corvergenceof thegeodesic
algorithmpresentedhn chapter2.

In the restof this chapterf ,0,2n denoteghe sequencegyeneratedy algorithm2.1 The following
lemmawill beusediater:

Lemma4.8 In atriangulationS, ,+; belongstothecorvexhull of .

Proof: At eachvertex correction,for exampleat Py; , the sequencePn; 1Pnj Ppj +1 goesto the
geodesicseymentjoining the pointsP,; 1 andPy; +1 , whichis entirely containedn the corvex hull
of thecurrentcurve . So,eachvertex of ,.; belongsto thecornvex hull of , andsodoes ,+1.

Proposition 4.9 If every | is simple thenthesequenceorvemgesto a geodesidine.
Proof: Let G, bethecorvex hull of ,,. Considertheset

\1
C= G:

n=0

T
Fromlemma4.8we know thatG, G,+1 = G,+1 . Fromproposition4.7 we know that C existsandis
closed.EachG, is corvex andsodoesC.

We mustprove that A(C) = 0 since,by proposition4.4, only simple geodesidines have corvex hull
with areaequalto zero.

By propositiord.7, for anarbitrary" > 0we can nd anaturalnumbem suchthatall theverticesin the
boundary@z, of G, areatdistancesmallerthan" from the boundary@ of C.

SupposeahatA(C) 6 0. Eachvertex of @, is alsoanodeof ,, seelemma4.5 Thereis ann large
enoughsuchthatthe verticesof @, arevery closeto @ andsuchthatfor eachnodePy 2 ,\ @
the geodesidine joining its neighborsP,; 1 andPp;j +1 in | intersectsC. Whenwe computethe

1Sincewe areconsideringhe caseof discretesurfaceswhich areboundedgvery in nite seton themis alsobounded.
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[]c
e
A B YV n

Figure4.3: Thecorvex hull of |, isverycloseto C.

next curve 41, it will passthroughC, andasP;j, belongsto the boundaryof the corvex hull of
therewill be pointsof C outsideof G, +; , but thisis impossiblesince8n C G, ) C Gu+1. Asa
consequencA (C) mustbezeroandhence , n!1! whichis ageodesic. 0
Proposition4.9 looks very restrictive, sincewe requirethat every curve |, be simple. However, this
seemdo be the generalcase. Whenwe look for aninitial approximation,using FMM, the resulting
cunve o is certainlysimple. After that,eachcorrectionis performedn aneighborhooaf a curve node
andit usunlikely thatself-intersectiomwill occur

To nish this sectionwe presentainotherapplicationof corvex hulls:

Proposition4.10 GeodesidBézier curvessatisfythe corvex hull property Thisis, a geodesicBézier
curveis completelyinsidethe corvex hull of its control polygon.

Proof: This propositionis adirectconsequencef lemma4.8. 0

4.6 Non-Polygonal Curves

Up to now, all the materialin this chapterwas mainly dedicatedo polygonalcunes. In fact, asfar
asthis work is concernedpolygonalcurvesare enough.Neverthelesswe canextend our studyabout
convexity to setswith non-polygonaboundaries.We canalsoextendit to smoothmanifolds. For the
sale of completenessye considerthemhere.

Considera piecavise smoothcurve  onatriangulationS?. At pointswherethe curve is smooth;it has
neighborhoodsvhich areisometricto a pieceof plane,sowe de ne the geodesicunature s of at
thosepointsasthe correspondingurvaturein theunfolding. At non-smoottpoints,we de ne ¢ asthe
cunaturecorrespondingo the polygonalline de ned by theleft andright tangenton thesepoints,when
it exists. Otherwise ¢ is notde ned.

On smoothmanifolds,the geodesiccurvatureis alwaysde ned for smoothcurves. Considera piece-
wise smoothcurve , whichis simpleandclosed.In pointswhere is not smooth,we canlook at the
correspondindeft andright tangentlinesin the planetangentto the manifold. If the angl€® between
themis smallerthan , andthegeodesicunatureat smoothpointsdoesnot changets sign,thentheset
boundedby is convex.

2Notethatpolygonalcurvesarespecialcasef piecavise smoothcunes.
3This angleis measuredn the samedirectionof thecurve.



Conclusion

We have presentedan iterative algorithmto computea shortestgeodesicbetweentwo points over a
discretesurface. At eachstepit computesa nev curve with smallerlength. This is doneby reducing
locally the curve lengthat eachvertex. It exploresthe factthatthe intersectionof a meshfacewith a
shortesigeodesids a line sgment,andhenceits verticeslie on meshverticesor edges.The proposed
iterative processallows alsoto improve anapproximatiorgiven by ary other(non-exact)algorithm. As
far asthe authorknows, thereis not otheralgorithmwhich improvesdiscretegeodesi@approximations.
We have alsogivenanstratgy to speedup the corvergenceijt is speciallyusefulwhenpartof theinitial
cuneis closeto beageodesi@asin the caseof geodesidBéziercurves.

Using the geodesicalgorithm, we de ned geodesicBézier curves, which are a generalizatiorof Eu-
clideanBéziercurvesto manifold triangulations and studiedsomepropertiesof them. They have the
advantageof beingde ned intrinsically, which makesthemindependenof ary parameterizationWe
have shovn how to usethemto de ne piecesor regionsof a surface,allowing trimming, local texture
mapping,andregion coloring. Fastuserinteractionjoined with the possibility of constructingC® and
C! splinesmake of thema powerful tool for free-formmodelingon manifoldtriangulations.

Corvex setson discretesurfaceswerede ned by imitating the propertyof planecornvex setsof having
boundarycurvesthat do not changethe sign of the curvature. Therewere studiedsomepropertiesof
corvex setson triangulationandit wasde ned convex hull of curvesin this context. As applications
we getthe corvex hull propertyof geodesidéziercurvesandstudiedthe corvergenceof the geodesic
algorithm.

5.1 Further Reseach

Althoughusingaheapin thegeodesialgorithmdiminishesheamountof nodecorrectionswe have not
greatimprovementin performancebecauset eachcorrectionthe neighboringnodesmustbe updated
in theheap. It is interestingto studyothercorrectionstratgiesasthe multiple choiceapproachwhere
we randomlyselectfew nodesand correctthe onewith largesterror It is very importantto studythe
orderof cornvergenceof the geodesialgorithm. It is alsousefulto comparethe resultwith different
triangulationsof simplesurfacesasthecylinder, whereit is trivial to computethe geodesics.

An interestingapplicationof the geodesialgorithmwould be to parameteriza triangulationusingthe
exponentialmap,whatcanleadto well-shapedtharts.

Thereremainsometheoreticaissuesassociateavith geodesidéziercurves;it will be very interesting
to seewhich otherpropertiesof classicaBéziercurveshold for thenew curvesandalsowhich concepts
canbegeneralizedo the geometryof manifoldtriangulations For example,it is notclearhow to de ne

the control polygonsif we wantC? continuity or higher The continuity of the curvesat meshvertices
hasto be studied.Oneshouldalsoinvesticgatewhetherthereis somethingequivalentto af ne invariance
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of Béziercurvesin the caseof geodesidBéziercunes. It would beinterestingco comparehe properties
of the limit curvesde ned by the de Casteljaus subdvision algorithmwith thoseof the well-known
subdvision schemegor curvesandsurfaces.

Therearesomeworksaboutgeodesicomputatiorin geometrieotherthanmanifoldtriangulations So,
we cande ne geodesidBézier curves for point clouds[23], for Riemannianmanifolds[19], and for
smoothsurfaces[17, 16]. The next stepis to study how to handleuserinteractionin a fastway and
whatpropertiesof classicaBéziercurvesareinheritedby geodesidBéziercurveson thosegeometries.
A goodpointto startcould be subdvision surfaceswherethe extensionof theideasin this thesisseems

to be straightforvard, with the nice propertythat userinteractioncould be handledat low resolution,
makingit faster

Theextensionof theseresultsto othersubdiision schemesaswell asthede nition of interpolantsplines
will certainlyresultin adesigntoolkit with wider capabilities.
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