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Abstract

We presenta new algorithmto computea geodesicpathover a triangulatedsurface.Basedon Sethian's
FastMarchingMethodandPolthier's StraightestGeodesicstheory, we areableto generatean iterative
processto obtaina gooddiscretegeodesicapproximation.It canhandleboth convex andnon-convex
surfaces.

Wede�ne anew classof curves,calledgeodesicBéziercurves, thataresuitablefor modelingonmanifold
triangulations.As a naturalgeneralizationof Béziercurves,thenew curvesareassmoothaspossible.
We discusstheconstructionof C0 andC1 piecewiseBéziersplines.We alsodescribehow to perform
editingoperations,suchastrimming,usingthesecurves.Specialcareis takento achieveinteractiverates
for modelingtasks.

After giving anappropriatedde�nition of convex setson triangulations,we useit to studytheconver-
genceof thegeodesicalgorithm,aswell astheconvex hull propertyof geodesicBéziercurves.Weprove
someresultsconcerningconvex sets.

Keywords: DiscreteGeodesic,GeodesicBézierCurve,Manifold Triangulation,deCasteljauAlgo-
rithm, DiscreteDifferentialGeometry, SplineCurves,Free-Form Design,Convex Sets
onTriangulations.
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Resumo

Nestetrabalhoapresentamosumnovo algoritmoparacalculargeod́esicasemtriangulaç̃oes.Baseadono
“FastMarchingMethod” desenvolvido por Sethiane na teoriade “StraightestGeodesics”de Polthier,
geramosum processoiterativo quepermiteobterumaboaaproximac¸ão da geod́esicadiscreta.Nosso
algoritmofuncionatantoemsuperf́�ciesconvexasquantonãoconvexas.

De�nimos umanova classede curvas,chamadasde curvasde Béziergeod́esicas, quesão adequadas
paramodelagemem triangulaç̃oes. Sendouma generalizac¸ão dascurvas de Bézier planas,as novas
curvassãotãosuavesquantoposs��vel. Discutimosa construc¸ãodesplinesdeBézierC0 e C1. Tamb́em
descrevemosummododerealizaroperac¸õesdeediç̃ao,como“trimming”, usandoestascurvas.

Damosumade�niç ão alternativa de conjuntosconvexos em triangulaç̃oes,a qual é maisadequadaao
estudoda convergênciado algoritmoparacalculargeod́esicas.Estade�nição tamb́em permiteprovar
a propriedadedo fechoconvexo dascurvasde Béziergeod́esicas.Al ém dissoprovamosalgumaspro-
priedadesrelativasaosconjuntosconvexosemtriangulaç̃oes.

Keywords: Geod́esicaDiscreta,Curva deBézierGeod́esica,Algoritmo dedeCasteljau,Conjuntos
ConvexosemTriangulaç̃oes,GeometriaDiferencialDiscreta.
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1 Intr oduction

Discretesurfaces,especiallytriangulations,arepresentin many applicationsrangingfrom simple3D
objectsto sophisticatedmechanicalenginesor complex scanningmodels.Consequently, awiderangeof
modelingtechniqueshave beendeveloped[3, 4, 6, 20, 22, 36] to createor modify them. Most of these
techniquesrely on theuseof parameterizations,carryingthedif�culties associatedto their use.

A greatamountof effort hasbeendevotedto obtaininggoodparameterizationsfor discretesurfaces.A
verygoodreferencefor thissubjectcanbefoundonthetutorialsof FloaterandHormann[12, 13] andthe
referencestherein. However, the selectionof the parameterizationappropriatedfor certainapplication
dependsbothon thesurfaceandtheapplicationitself.

In this thesiswe developanalgorithmto computegeodesiccurveson triangulations.Sinceit doesnot
dependon a parameterization,any modelingoperationdependingon geodesicswill also be parame-
terizationindependent.That propertypermittedus to develop a simplegeodesic-basedtoolbox to do
modelingoperationsdirectly on themeshwithout facingtheproblemsassociatedto parameterizations.
Thede�nition andstudyof geodesicBéziercurves,aswell astheconstructionof C0 andC1 splines,help
usto designcomplicatedcurveson thesurface,or to determineandselecta region thatcanbetrimmed,
have a texturemappedto it, or evenbepaintedwith a color differentfrom therestof thesurface.Those
basicoperationsare,severaltimes,thestartingpoint for moresophisticatedapplications.

1.1 Notationsand Preliminary De�nitions

1.1.1 DiscreteSurfaces

We restrictthis work to the studyof curvesde�ned on manifold triangulations.Thus,we will usethe
following de�nition of discretesurfaces.

De�nition 1.1 A discretesurfaceS is a �nite setF of (triangular) facessuch that:

1. Anypoint in S lies in at leastonetriangle in F .

2. Theintersectionof twodifferenttrianglesin F is eitherempty, or consistsof a commonvertex, or
of a commonedge.

3. Each point in S hasa neighborhoodwhich is eitherhomeomorphicto a disc,or homeomorphicto
a semi-disc.

Let P be a vertex of the discretesurfaceS, and� be the sumof all its incidentangles. The discrete
Gaussiancurvatureof S at P is given by � (P) = 2� � � [26]. The verticesof discretesurfacesare
classi�edaccordingto Gaussiancurvature:

1



2 CHAPTER1. INTRODUCTION

De�nition 1.2 A meshvertex is classi�edaccording to thesum� of its incidentanglesas:

1. Euclideanif 2� � � = 0,

2. Sphericalif 2� � � > 0, or

3. Hyperbolicif 2� � � < 0.

1.1.2 CurveNotations

Wedenoteby agreekletter(� , � , 
 , : : :) acurveoverasmoothsurface,andusecapitalgreekletters(A ,
B, � , : : :) to denotecurvesover discretesurfaces.

A polygonalline � on a trianglemeshS is de�ned asa sequenceof nodesf P0; P1; : : : ; Pn g � S such
thatevery line segmentPi Pi +1 is alsocontainedin S. We referto polygonalverticesasnodes,in order
to differentiatethemfrom meshvertices.

1.1.3 Length Functional

The lengthfunctionalL (
 ) = length(
 ) de�ned on the setof curvesover a smoothsurfaceG canbe
extendedto S as:

L (�) =
X

f 2 F

L(� j f );

whereL(� j f ) is measuredaccordingto theEuclideanmetricin facef .

1.1.4 Continuity

Curvesde�ned over a triangulationS cannotbesmooth,theonly exceptionbeingwhenthey arecom-
pletely de�ned on a planarpart of S, which is usuallynot the case.However, ascontinuity is a local
propertywe cananalyzethe intrinsic behavior of a curve C on S by looking at the intersectionof the
neighborhoodsof eachcurve pointwith S.

Wede�ne Ck continuityatpointshaving aneighborhoodisometricto aplaneastheusualCk continuity
in theunfoldingof thatneighborhood.In particular, this appliesto pointslying in the interior of mesh
edgesandfaces.In thecaseof meshvertices,continuityis notwell de�ned.

1.2 Overview

Chapter2 describesan iterative algorithmto computegeodesicpathson triangulations.Two different
iterationstrategies to reachthe geodesiccurve arepresented.This algorithm is very suitablefor the
modelingtasksdiscussedlaterin thiswork.

GeodesicBéziercurves,whicharesuitablefor modelingonmanifoldtriangulations,arede�ned in chap-
ter 3. Someresultsabouttheir smoothnessandtheir similarity with classicalBéziercurvesareproved.
It is alsopresenteda discussionon the constructionof C0 andC1 piecewise Béziersplines,andit is
describedhow to performeditingoperations,suchastrimming,usingthesecurves.Specialcareis taken
to achieve interactive ratesfor modelingtasks.

After giving anappropriatedde�nition of convex setson triangulations,in chapter4, we useit to study
theconvergenceof thegeodesicalgorithm,aswell astheconvex hull propertyof geodesicBéziercurves.
Someresultsconcerningconvex setsareproved. Finally in section5 we give concludingremarksand
indicatepotentialfurtherresearch.



2 Discrete Geodesic Curves

Figure2.1: Geodesicsover theStanfordbunny. The�rst approximations,thegeodesics,andboth.

3



4 CHAPTER2. DISCRETEGEODESICCURVES

Geodesiccurvesareuseful in many areasof scienceandengineering,suchasrobot motion planning,
terrainnavigation, surfaceparameterization[12], remeshing[31] and front propagation over surfaces
[27]. Theincreasingdevelopmentof discretesurfacemodels,aswell astheuseof smoothsurfacesdis-
cretizationto studytheir geometry, demandedthede�nition of GeodesicCurvesfor polyhedralsurfaces
[2, 26], andhencethestudyof ef�cient algorithmsto computethem.

SuchcurvesarecalledDiscreteGeodesicsandthereexist somedifferentde�nitions for them,mostly
dependingon theapplicationin which they areused.Consideringa geodesicasa shortestpathbetween
two pointson thesurfaceis perhapsthemorewidely usedde�nition.

In this chapterwe areconcernedwith theproblemof computinga locally shortestgeodesicjoining two
pointsover the surface. Therearesomeslightly differentformulationsfor this problem. Thesimplest
versionis thesinglesourceshortestpathproblem, in which onewishesto �nd a shortestpathbetween
a sourcepoint andany otherpoint on thesurface.Another, morecomplex, versionof theproblemasks
for asubdivisionon thesurfacesuchthatashortestpathbetweenany pairof pointsin thesurfacecanbe
foundquickly; this is known astheall pairsshortestpathproblem.

Most of thealgorithmsusefront propagationor someotherkind of Dijkstra's-like algorithm. In 1987
Mitchell, Mount and Papadimitriou[24] proposedthe ContinuousDijkstra techniqueto build a data
structurefrom which we can �nd a shortestpath betweenthe sourceand any point in time O(k +
logm), wherek is thenumberof facescrossedby thepathandm is thenumberof meshedges.This
algorithmrunsin O(m2 logm) time andrequiresO(m2) space.In 1999Kapoor[15] alsousedwave
propagation techniques,very similar to ContinuousDijkstra, but with moreef�cient datastructures,to
get an O(n log2 n) algorithm,n beingthe numberof meshvertices. Sethian's FastMarchingMethod
(FMM from now on) wasusedby Kimmel andSethian[18] to de�ne a distancefunctionfrom a source
pointto therestof thesurfacein O(n logn), andintegratebackadifferentialequationto getthegeodesic
path. Unlike theothers,the lastalgorithmdoesnot give theexactgeodesicpathsbut anapproximation
to it; this approximationcould be improved usingthe iterative processwe proposein this paper. The
algorithmof ChenandHan [5] builds a datastructurebasedon surfaceunfoldings. In contrastto the
otheralgorithms,it doesnot follow thewave front propagationparadigmandrunsin O(n2) time with
O(n) space.Therearemany otheralgorithmsto computeshortestgeodesics;for moreinformation,we
referthereaderto [5, 15, 18, 24, 32] andthereferencestherein.

Chapter overview: In section2.1 we do a quick review of the de�nitions for smoothand discrete
surfaces.Section2.2presentsthegeodesicalgorithm,which is themaincontributionof thischapter. We
begin with anapproximatepathanduseaniterative processto approachthetruegeodesicpath.Finally
in section2.3 we show someexperimentalresultsandadaptour algorithmto thesinglesourceshortest
pathproblem.

2.1 GeodesicCurves

Geodesiccurvesgeneralizetheconceptof straightlinesfor smoothsurfaces.Therefore,they haveseveral
“good” properties,discussedon section2.1.1. Unfortunatelyit is not possibleto �nd sucha classof
curvesovermeshessharingall theseproperties;asaconsequencetherearesomedifferentde�nitions for
geodesiccurveson discretesurfaces,discussedin section2.1.2, thatdependon their proposeduse.The
restof thissectionwasmainlyextractedfrom references[10, 26].

2.1.1 Geodesiccurveson smoothsurfaces

Considerasmoothtwo-dimensionalsurfaceGandadifferentialtangentvector�eld w : U � G ! TP G.

De�nition 2.1 Let y 2 TP G, andconsidera parameterizedcurve� : (� "; " ) ! U, with � (0) = P,
� 0(0) = y andlet w(t); t 2 (� "; " ) betherestrictionof thevector�eld w to thecurve� . Thevector
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obtainedby theprojectionof (dw=dt)(0) ontotheplaneTP G is calledthecovariant derivativeat P of
thevector�eld w relativeto thevectory . Thiscovariantderivativeis denotedby (Dw=dt)(0) .

The de�nition of the covariant derivative dependsonly on the �eld w and the vector y and not on
the curve � . This conceptcanbe extendedto a vector �eld which is de�ned only at the pointsof a
parameterizedcurve. We denotethecovariantderivative of a vector�eld w(t), de�ned alonga curve � ,
by (Dw=dt)( t). For detailson thissubjectsee[10].

Considera curve 
 : I ! Gparameterizedby arclength,i.e, j
 0(t)j = 1 for all t in I . An exampleof a
differentialvector�eld along
 is givenby the�eld w(t) = 
 0(t) of thetangentvectorsof 
 .

De�nition 2.2 
 is saidto begeodesicat t 2 I if thecovariantderivativeof 
 0 at t is zero, i.e.,

D 
 0(t)
dt

= 0;


 is a geodesicif it is a geodesicfor all t 2 I .

Thefollowing propcharacterizesgeodesiccurves.

Proposition2.1 Thefollowingpropertiesareequivalent:

1. 
 is a geodesic.

2. 
 is a locally shortestcurve;i.e, it is a critical pointof thelengthfunctionalL (
 ) = length(
 ).

3. 
 00is parallel to thesurfacenormal.

4. 
 hasvanishinggeodesiccurvature � g = 0 1.

Fromitem4 of Proposition2.1above,it canbeconcludedthatgeodesiccurvesareasstraightasthey can
be,if weseethemfrom anintrinsicpointof view. As amatterof fact,thecurvevariationup to asecond
ordertakesplaceonly in thedirectionof thesurfacenormalif it hasvanishinggeodesiccurvature.On
theotherhand,item 2 tells usthata shortestsmoothcurve joining two pointsa geodesic.Theconverse
is not truein general:therearegeodesiccurveswhich arecritical pointsof thelengthfunctionalbut are
notshortest.Nevertheless,thepropertyof beingshortestis desirablefor curvesin many applicationsand
it is perhapsthecharacterizationof geodesiccurve moreusedin practice.Anotherinterestingproperty
of geodesicsis thatthey mayhave self-intersections,which is impossiblefor shortestcurves.

2.1.2 Discretegeodesics

A curve de�ned over a meshwill be regular only if it is completelycontainedin onefaceor on a set
of connectedcoplanarfaces. The existenceof suchsetof connectedandcoplanarfacesis very rare.
Therefore,the existenceof regular curvespassingthroughmorethanonefaceis unlikely. This is the
�rst obstaclethatweencounterwhentrying to generalizegeodesicsto discretesurfaces.Thesecondone
is thefactthat it is not possiblein generalto �nd a largeenoughsetof curvesover discretesurfacesfor
whichall itemsof Proposition2.1hold.

Therearesomedifferentgeneralizationsof geodesiccurvesto a discretesurfaceS, all of themcalled
of discretegeodesics. Quasi-geodesicswerede�ned by Aleksandrov andZalgaller [2] aslimit curvesof
geodesicson a family of converging smoothsurfaces.They alsode�ned discretegeodesicsascritical
pointsof thelengthfunctionaloverpolyhedralsurfaces;in otherwords,they de�ne themaslocally short-
estcurvesover S. Fromnow on we call themshortestdiscretegeodesicsor simply shortestgeodesics.
In particular, theproblemweaddressin thischapteris to �nd ashortestgeodesicjoining two pointsover
a triangularmesh.

PolthierandSchmies[26] de�ned straightestgeodesicsinspiredin thecharacterizationof smoothge-o-
de-sicsgivenby item 4 of proposition2.1. They de�ned discretegeodesiccurvature asa generalization

1Thegeodesiccurvature� g generalizesto surfacestheconceptof curvatureof aplanecurve. Seereference[10].



6 CHAPTER2. DISCRETEGEODESICCURVES

of thewell-known conceptof geodesiccurvatureandstraightestgeodesicsaspolygonalcurvesover S
with zerogeodesiccurvatureeverywhere.If wecall � thesumof incidentanglesat a pointP of a curve
� over S and� r and� l therespective sumof right andleft angles(see�gure 2.2), thediscretegeodesic
curvatureof � atP is de�ned as

� g(P) =
2�
�

� �
2

� � r

�
:

Choosing� l insteadof � r , or changingtheorientationof � , changesthesignof � g. A straightestgeodesic
is a curve with zerodiscretegeodesiccurvatureateachpoint. In particular, straightestgeodesicsalways
have � r = � l ateverypoint.

� 0

� 1

� 2� 3� 0

� 1

� 2 � 3 � 0

� 1

� 0

� 1

Figure2.2: Rightandleft angles(� r and� l resp.)in acurve. � r =
P

� i and� l =
P

� i .

Let usformalizetheconceptof discretegeodesicthatwearegoingto use,following [2].

De�nition 2.3 Given two points X and Y on a surfaceS, a shortestarc X Y is the shortestof the
recti�able curvesjoining thepointsX andY .

De�nition 2.4 A curvein which each pointhasa neighborhoodfor which thesegmentof thecurvein it
is a shortestarc is calleda shortestgeodesic.

Remark 2.1 The term shortestgeodesicmay be confusing. Although every shortestarc is alwaysa
shortestgeodesic,the converseis not true. Note alsothat a shortestgeodesicis a critical point of the
lengthfunctional,andthata shortestarcis a globalminimum,not necessarilyunique.Thus,we referto
shortestarcsasoptimalshortestgeodesics.

Thefollowing two lemmaswereextractedfrom [24].

Lemma 2.2 LetS bea connecteddiscretesurface. Thereexistsa shortestgeodesicfromP to anyother
pointQ 2 S. Furthermore, amongtheshortestgeodesicsbetweenP andQ thereexistsat leastonethat
is optimal.

Lemma 2.3 Thegeneral form of a shortestgeodesicis a path which goesthroughan alternatingse-
quenceof verticesandedge-crossingsubpathssuch thattheunfoldedimageof theedge-crossingsubpath
is a straight line segment,andtheleft andright anglesof thepathare greaterthanor equalto � when
passingthrougha meshvertex.

The following propositionexploresthe differencebetweenstraightestand shortestgeodesic. It was
provedby PolthierandSchmies[26] andwill beveryusefulin de�ning anstrategy to computeashortest
geodesic.

Proposition2.4 Theconceptsof straightestandshortestgeodesicsdiffer in thefollowingway:

1. A geodesic
 containingnosurfacevertex is bothshortestandstraightest.

2. A straightestgeodesicthrougha sphericalvertex is not locally shortest.

3. There exist a family of shortestgeodesicsthrougha hyperbolicvertex. Exactlyoneof themis a
straightestgeodesic.
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2.2 GeodesicComputation

Thealgorithmthatweproposeto computeashortestgeodesic� betweenA andB onasurfaceS consist
of two mainsteps.First, computea curve � 0 joining A andB ; second,evolve it to � . Thesestepsare
sketchedin algorithm2.1andthenext two subsectionsexplain in detailhow to performthem.

Algorithm 2.1 ComputeGeodesic

Input: A triangularMeshS, andtwo pointsA andB on it.
Output: A discretegeodesic� joining A andB .

step1. Getinitial approximation� 0

step2. Iteratively correct� i (i = 0; 1; � � � ) to reachagoodapproximation� n of �

2.2.1 Getting an initial approximation

Finding an initial curve � 0 over S is rathersimpleif we considerA andB asvertices,which is not a
restrictionat all, sincewe canaddthemto thesetof verticesin aneasymanner, see�gure 2.3. Thus,in
thefollowing, A andB will betreatedasvertices.

�
A

�
A

�
A

�
A

(a) (b)

Figure2.3: Insertingthepoint A in S asa meshvertex: it belongsto theinterior of a face(a) andto an
edge(b).

We needan initial polygonalcurve � 0 joining verticesA andB . The simplestidea is to take some
pathrestrictedto theedges.Thecloser� 0 is to therealgeodesic� , the fewer thenumberof iterations
neededin thesecondstep.Our �rst attemptwasusingDijkstra's Algorithm, but therearesomeexam-
pleswhereDijkstra's algorithmmayproducea minimumpaththat is very far from a geodesicone. In
�gure 2.4 we comparethe resultsof usingDijkstra's Algorithm andFMM to compute� 0 in a regular
planetriangulation.

(a) (b)

Figure2.4: FirstApproximation� 0: Dijkstra'sAlgorithm (a)andFMM (b).
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We decidedto useFMM to de�ne a distancefunction in theverticesof themesh,asdoneby Kimmel
andSethian[18]. They solve theEikonalequation

jr D j = 1;

whereD(P) is the(geodesic)distancefrom A to any point P on S (seereferences[18, 30] for details).
Theef�ciency of thisprocessreliesonthepropagationof D overS maintaininganarrow bandof vertices
closeto thefront. OnceD iscomputedfor everyvertex, they mustsolvetheordinarydifferentialequation

d� (s)
ds

= �r D

to getthegeodesicpath� (s). To integratethisequation,usingHuen'smethod,D is approximatedin the
interiorof a faceby interpolatingaseconddegreepolynomialto thepreviouslycomputedvaluesof D at
theverticesof thefaceandits threeneighboringfaces.This processinvolvessomenumericalproblems
andsomecaremustbetaken.For instance,theminimumof theinterpolantpolynomialcouldbereached
in the interior of the face,or the polynomialcould be a degeneratedquadric. In our implementation,
we avoid integrationandproceedasfollows: placepoint B in path � 0, addto � 0 the neighborof B
with minimal distancefrom A, go on in this way andstopwhenA is reached.We sketchthis processin
algorithm2.2. Thecorrectnessof this stepis guaranteedsincethedistanceD wasde�ned increasingly
from A. Moreover, thesameargumentpermitsusto stopFMM onceD(B ) is computed.Theremaining
points(whereD wasnotde�ned) will have D(P) = 1 .

Algorithm 2.2 FirstApproximation

Input: A triangularmeshS, andtwo pointsA andB on it.
Output: A restrictedto edgespath� 0 joining A andB .

step1. ComputeD(P) for eachvertex P in S usingFMM
step2. PutB in � 0

step3. P0 = B , i = 0
while Pi is notequalto A

Pi +1 = Neighborof Pi with smallerdistanceD(Pi +1 ) from A.
PutPi +1 in � 0

i = i + 1

EvenwhenweusethewholeKimmel andSethian'salgorithmto computeashortestgeodesicb� , it must
becorrectedsincedistancecomputationandintegrationareperformedapproximately, andconsequently
areerror-prone.In thenext sectionwedescribeourstrategy to improve theinitial approximation.

2.2.2 Corr ectinga path

Oncewe have anapproximation� i to thegeodesic� , we needto correctit in orderto geta new curve
� i +1 closerto � . Since� i is a polygonalline joining A andB , we just have to correctthepositionof
interior nodes,trying to reduce,asmuchaspossible,the lengthof thecurve � i . As � hasto coincide
with a line segmentinsideevery faceof S, we restricttheverticesof our successive approximations� 0,
� 1, � 2 : : : to lie onedgesor verticesof S.

Thepathcorrectionstepis describedin algorithm2.3. It is inspiredin Polthier's straightestgeodesics
theory, morepreciselyin the characterizationgiven in proposition2.4 aboutthe differencesbetween
shortestandstraightestgeodesics.
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Algorithm 2.3 PathCorrection

Input: A triangularmeshS, andapolygonalcurve � i joining A andB .
Output: A shorterpath� i +1 joining A andB .

Pi +1 ;0 = Pi 0 = B andPi +1 ;n 0 = Pin = A
for j = 1; 2; � � � ; n � 1

correctthepositionof nodePij

EachnodePij is correctedto the new position Pi +1 ;j 0 suchthat the curve segmentbetweennodes
Pi +1 ;j 0� 1 andPi;j +1 goesto thegeodesicjoining them,restrictedto thesetof facesthatareneighbors
to Pij .

Notethatwe usePi +1 ;j 0� 1, thelastcorrectednode,insteadof Pi;j � 1. Doing that,we do not needextra
spaceto storethenew curve, sinceit is enoughto substitutePij 's positionby its new positionPi +1 ;j 0.
We will alsogeta bettercorrectionPi +1 ;j 0 since,to computeits position,we usea nodewhoseposition
waspreviously corrected.Finally, we areableto prove that our algorithmactuallyreducesthe length
of � i ateachstep,whatcannotbeguaranteedusingtheold neighborPi;j � 1.

In somecases(whenPij coincideswith ameshvertex) it is necessaryto replacenodePij by morethana
nodewhencorrecting� i . Also, somenodesmaybeeliminatedwhenapproachinga meshvertex. These
factsjustify thenotationPi +1 ;j 0 usedabove for thecorrectednodein curve � i +1 .

We will usedifferentproceduresto correctthepositionsof thenodesof thepolygonal� i which belong
to theinteriorof meshedgesandof thosecoincidingwith meshvertices,sincethey donotbehave in the
sameway. For instance,apointbelongingto anedgehasonly two adjacenttriangleswhile avertex may
have any numberof them.

Corr ectionof a nodein the interior of an edge.

Supposethepolygonalcurve � i is givenby thesequenceof nodesB = Pi 0; Pi 1; : : : ; Pin = A. For a
nodePij (j 2 f 1; 2; : : : ; n � 1g) lying in the interior of an edgee, we wish to correctits positionin
orderto geta shortercurve � i +1 . To do that,we unfold the two trianglesadjacentto e, andde�ne the
new Pi +1 ;j 0 astheintersectionpointof e with theline joining Pi +1 ;j 0� 1 andPi;j +1 (see�gure 2.5(a)).

�
�

�

�

}

P i;j � 1

P ij

P i;j +1

P i +1 ;j 0

P i +1 ;j 0� 1

(a)

�

�

�

�

}

P i;j � 1

P i +1 ;j 0� 1

P ij

P i;j +1

P i +1 ;j 0

(b)

� i

� i +1

Figure2.5: Correctingthe nodepositionon an edge. Intersectioninsidethe edge(a), andoutside(b).
Correctednodesaremarkedwith thesymbol} .

Sometimesthereis not an intersectionpoint, asin �gure 2.5 (b). In suchcaseswe replacePij by the
vertex of e which is closerto theintersectionpointbetweentheline containinge andtheline passingby
Pi +1 ;j 0� 1 andPi;j +1 .

In bothcasesthecorrectednodePi +1 ;j 0 givestheshortestcurve passingby Pi +1 ;j 0� 1 andPi;j +1 inside
thetwo trianglessharingedgee.
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Corr ectionof a nodecoinciding with a meshvertex.

WhenPij coincideswith a meshvertex, thecorrectionis not sosimpleasin thepreviouscase.Notice
that, now, Pij usually belongsto more than two triangles. We needto �nd a shortestpath between
Pi +1 ;j 0� 1 andPi;j +1 in the union of all trianglescontainingPij asvertex. SupposePij corresponds
to thekth vertex of S; then,suchunionof triangularfaces,thestarof vertex k, will bedenotedby Sk .
For simplicity Pi +1 ;j 0� 1 andPi;j +1 aresupposedto beon theboundaryof Sk ; otherwiseoneof them
belongsto theinteriorof Sk andin thatcasewecaneliminateit from � i withoutany lossof information.
In fact,thisnodeeliminationwill resultin ashortercurve (see�gure 2.6).

�

�
�

�

P i;j � 1

P ij P i;j +1

P i;j +2

�

�
�

�

P i;j � 1

P ij

P i;j +1

Figure2.6: Eliminationof anodeinsideSk .

We �rst classifynodePij asin de�nition 1.2by computingleft andright angles� l and� r , andthenwe
shortenthecurveby takinginto accountproposition2.4. If Pij is euclideanthenSk canbeisometrically
unfoldedto bepartof aplaneandwejusthaveto join theimagesof Pi +1 ;j 0� 1 andPi;j +1 in theunfolding
of Sk . If Pij is sphericalthenno shortestcurve maypassthroughit; in this casechoosethepartof Sk

with smallerangle,�atten it up, andjoin Pi +1 ;j 0� 1 to Pi;j +1 . Finally, whenPij is hyperbolicwe have
two cases.The �rst oneoccurswhen � r and � l areboth larger than � . In this caseno correctionis
needed,sincethecurvecannotbeshortenedby moving Pij (seeproofof proposition2.4[26]). If oneof
theangles,say� r , is smallerthan� thenthegeodesicmustpassthroughthecorrespondingsideof Sk ;
we thenproceedto �atten it upancomputetheline joining Pi +1 ;j 0� 1 andPi;j +1 .

In all caseswehavetocomputetheintersectionsof thecomputedlinewith theedgesof thecorresponding
�attened part of Sk andwe have to insert them in the polygonalcurve in the correctorder. Like in
previouscase,it couldhappenthattheintersectionpoint is outsideof someedge(see�gure 2.7); in that
casewe insertthevertex of theedgein thepathaswe did before.Doing that,we usuallyobtaina path
which is not theshortestoneinsidethestarof Pij . It canbeimprovedperforminganew nodecorrection
on theextremeof thecorrespondingedge,obtainingtheshortestpathbetweentheneighborsof Pij

2.

�

�

�

�

�
�

(a) (b)

� n

� n +1

Figure2.7: Correctinga nodecoincidingwith a meshvertex. Convex star(a) andnon-convex star(b).
Theresultingpathbeforetheadditionalcorrectionin thenon-convex staris shown asadottedline.

Remark 2.2 Notethat,in all cases,it is suf�cient to tracethegeodesicline in thesideof Sk with smaller
angle.At hyperbolicvertices,thegeodesiccanonly betracedon thesmallerangle'ssidesincetheother
sidehasanglebiggerthan� andthecurve cannotbeshortenedin it. On theotherhand,it is possible

2Notethatin thiscasethecorrectionhas“gone” outsidethestarof Pij .
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sometimesto shortenthecurve in bothsidesof ansphericalvertex, but the law of thecosinesensures
that theshortestoneis obtainedin thesidewith smallerangle. Although theproblemof selectingthe
right sideof Sk to look for Pi +1 ;j 0 seemsnot to be necessaryat euclideanvertices,the shortestpath
shouldalsopassthroughthesidewith thesmallerangle.In orderto beconvincedof this fact,suppose
thatSk is partof a plane(otherwisewe can�atten it isometrically),andconsiderthetriangleformedby
Pi +1 ;j 0� 1; Pij andPi;j +1 ; theanglein Pij , which is aninteriorangleof a triangle,mustbelessthan� ,
hencethesmallestbetween� r and� l , sincetheir sumis 2� .

2.2.3 Implementation issues

Is it necessaryto add newverticesto S?

To simplify theexposition,wesupposedthatbothextremesof ageodesicareverticesof themeshS. We
suggestedto add,if necessary, new verticesto S. However, this is not necessaryat all. In fact,we can
performall computationswithoutaddingany new vertex to S; letssee:

De�ning the initial curve � 0: Thede�nition of thedistancefunctionD beginsby settingD(A) = 0,
andthempropagatingawaveuntil D (B ) is set.If A lies in theinteriorof a facef , webegin settingD at
theverticesof f astheeuclideandistanceD(V ) = kV � Ak2 from A to V , andthenpropagatethewave.
If A lies in theinterior of anedgee, we begin settingD at all theverticesof thetwo neighboringfaces
of e. ThepropagationstopswhenthedistancefunctionD have beensetatoneof theverticeswhichare
neighborsof B . As for point A, therearethreeneighborsif B lies insidea face,or four if B lies inside
anedge.Finally, the�rst approximationis computedasin algorithm2.2, but beginningat theneighbor
of B with smallervalueof the distancefunction D , andstoppingwhena neighborof A wasreached.
After thatweaddB andA to � 0 as�rst andlastpoint respectively.

Corr ecting points inside a face: Although the nodesof geodesicscurvesarerestrictedto the edges
andverticesof themesh,sometimesmaybeinterestingto considercurveshaving nodesin theinterior
of faces.This happens,for instance,in the computationof geodesicBéziercurvesin chapter3 where
nodesin theinterior of facesareobtaineddueto a subdivision process.To avoid addingnew verticesto
themeshwe mustprovide a rule to correctnodesin the interior of faces.Fortunately, this rule is very
simple:asageodesicmustbeastraightline in theinteriorof faces,wheneverweneedto correctanode
insidea facewe justeliminateit from thecurve.

Stoppingcriterion

An iterativeprocessshouldalwaysbecontrolledbyastopcriterion,usuallybasedonsomeerrormeasure.
Perhapsthe mostnaturalerror measurefor geodesiccomputationis given by curve length. However,
the differencebetweenthe lengthsof two successive approximationscould be very small even when
the curve is far from a shortestgeodesic. This behavior is due to the fact that the evolution of the
curve hassmall variationcloseto meshvertices,what is usuallysolved in a seconditerationstep. In
our implementation,we de�ne a measureof error for eachcurve nodebasedon proposition2.4, and
thende�ne a curve errormeasureasthemaximumnodeerror. For nodeslying in the interior of mesh
edgesandnodescoincidingwith euclideanmeshvertices,we de�ne the error asthe discretegeodesic
curvature� g, sincein thosecasesshortestandstraightestgeodesicscoincide.For nodescoincidingwith
sphericalmeshverticeswe de�ne theerrorasa hugevalue,sinceno shortestgeodesiccanpassthrough
it. For nodescoincidingwith hyperbolicmeshverticeswe de�ne theerroraszeroif both � l and� r are
greaterthan� andasa hugevalueotherwise,becauseonly in the�rst casea shortestgeodesiccanpass
throughit.
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Boundary handling

In somecasesa geodesicpathcantoucha boundaryor even coincidein part with it. For examplein
a planewith a hole or a non convex polygonasboundary, see�gure 2.8. In orderto correctlyhandle

Figure2.8: Geodesicstouchingtheboundary.

thosecaseswemusttakesomecarecloseto theboundary. A verysimpleandeffectiveway to overcome
this problemis to try every boundaryvertex asanhyperbolicone. Thecurve � i dividesthestarof the
boundaryvertex Pin into two regions,oneof themcontainingtheboundary, we assign2� to theangle
(� r or � l ) correspondingwith thatsideof thecurve. With this simpleprocedure,we updatea boundary
vertex only if the sideof � i interior to the surfacehasanglesmallerthan� , otherwiseit remainsthe
samesince� i cannotbe improved in a neighborhoodof Pin . In �gure 2.9 areshown somegeodesics
touchingtheboundaryin thebunny model.

Figure2.9: Geodesicstouchingtheboundaryin thebunny model. Right: Initial approximations.Left:
Thegeodesics.

Speedingup convergence.

In orderto improve theperformanceof ouralgorithm,weexploreadifferentcorrectionstrategy. Weput
all theinterior nodesof thecurve � 0 in a heapsortedby theerror. In eachstepthenodewith thelargest
erroris corrected,thenit andits neighborsareupdatedin theheap.

Thisstrategy isparticularlyusefulif partof thepath� 0 is closetobeageodesicbetweentwo intermediate
vertices,but it is far from the real geodesicbetweenthe extremesA andB of � 0. This is the caseof
geodesicBéziercurves,seechapter3.
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Table2.1: Runtimeandnumberof nodecorrectionsfor theoriginally proposedmethodandthealterna-
tivemethodusingaheap.

Num. of OriginalMethod UsingaHeap
Nodes changes time changes time

1 49 60649 0.60 38089 0.65
2 29 37021 0.37 20469 0.35
3 46 126303 1.22 48478 0.82
4 103 1291478 12.58 549298 9.37
5 126 481039 4.85 80585 1.40
6 75 161026 1.60 51123 0.88

To testtheoriginally proposedalgorithmagainstthestrategy proposedin this sectionwe measured(see
table2.1) thenumberof nodecorrectionsandtheruntime(in seconds)usingeachmethod.Theprogram
stoppedwhen the error was smaller than 0.005. The numberof nodecorrectionswas considerably
smallerusingaheap;asaconsequencerun timesweresmallermostof thetimes.

Runtimesweremeasuredin an“Intel Pentium4 CPU1.60GHz”runningFedoraCore1.

2.2.4 Convergence

Considerthe sequenceL(� i ) of curve lengths.A lower boundon the setf L (� i ); i = 0; 1; 2; � � � g is
givenby 0 sincethelengthof � i mustbealwayspositive. On theotherhand,thelengthof � i is reduced
ateveryvertex correction,sowehave theinequalities

L(� 0) � L (� 1) � � � � � L (� i � 1) � L (� i ) � � � � � 0;

hencethesequenceL(� i ) converges.Basedon this factandconsideringthat � i +1 is not allowedto be
farfrom � i (� i +1 liesin theunionof triangularfacestouching� i ), wehaveanindicationthatourmethod
convergesto a curve b� which is very closeto a shortestgeodesic,i.e., to a local minimizerof thelength
functional. In chapter4 we do a deeperstudyof theconvergenceof algorithm2.1. A naturalquestion
is whetherb� is alsoa global minimizer. As in many otheroptimizationproblems,global optimality
dependson the initial approximation� 0. The curve � 0 given by FMM usuallyhappensto be a good
initial approximation(see�gure 2.1), andwe canexpectour �nal curve to be very closeto a global
minimizerof thelengthfunctional.

2.3 Experiments

In this sectionwe show someresultsof our algorithm. In �gures 2.1, 2.8, 2.10and2.11we show some
geodesicsover theStanfordbunny, Costa'ssurfaceandafacemodel.In �gures 2.1and2.8wealsoshow
the�rst approximations� 0 for thegeodesicsin thebunny model.

2.3.1 Singlesourceproblem

Closelyrelatedwith our algorithmis thesinglesourceshortestpathproblem.This problemconsistsof
computingashortestpathfrom asourcepointA to everypoint in thesurfaceS.

To extendour algorithmin order to solve the singlesourceproblemis straightforward. We just need
run thedistanceapproximationgivenby FMM until it hasbeencomputedfor all surfacepointsinstead
of stoppingwhena target point B is reachedasdonein step1 of algorithm2.1. After that, step2 in
algorithm2.1mustbeperformedfor eachpointof S.
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(a) (b)

Figure2.10:Somegeodesicsover Costa's Surface,all sharinga commonextreme(a),anda zoomclose
to thecommonextreme(b).

Figure2.12 shows someexamplesof the applicationof this algorithmto computea geodesicfrom a
vertex to all otherverticesin a sphereanda simpli�ed Stanfordbunny mesh.Noticethatno two curves
crossover, which is a necessaryconditionfor themto beshortestgeodesics.This givesanindicationof
thecorrectnessof thealgorithm.
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(a) (b)

Figure2.11:SomegeodesicsoveraFacemodel,all sharingacommonextreme(a),andazoomcloseto
thecommonextreme(b).

Figure2.12:Usingouralgorithmto solvesinglesourceproblem.





3 Geodesic Bézier Curves

Figure3.1: Modelingon thesurfaceof a cow. Fromleft: thecontrolpolygonsof two closedcurvesand
aC1 spline,thecorrespondingcurves,a region is �lled with adifferentcolorandotheris trimmed,�nal
result.

17



18 CHAPTER3. GEODESICBÉZIERCURVES

Designingfree-formcurvesis a basicoperationin GeometricModeling. Doing so in Euclideanspace
is a widely studiedproblem;see[7, 11] andmany others.Theproblembecomesharder, however, if we
wishto designonacurvedgeometry, suchastriangulatedsurfaces.Mostexistingwork for thelatertask,
relieson imposinga suitableparameterization,which is usuallyanunintuitive approachthat leadsto a
seriesof “trial anderror” operations.We pursueinsteada directdesignin thegeometryof thesurface,
anapproachthathasreceivedmuchlessattention.

In this chapterwe introducea new classof curvesthataresuitablefor free-formmodelingdirectly on
thegeometryof a manifoldmesh.De�ned by meansof thedeCasteljauAlgorithm, they area natural
generalizationof Béziercurves.Thus,wecall them“Intrinsic BézierCurves”.

Chapter overview: This chapterbegins,in section3.1, with a summaryof relatedwork. After summa-
rizing classicalBéziercurvestheory, wede�ne in section3.2thenew classof curvesandcomparethem
to the classicalones. A studyof their usein modelingoperationsis donein section3.3. Section3.4
describestheconstructionof piecewiseBéziersplinecurveson triangulations.

3.1 RelatedWork

ThedeCasteljaualgorithmhasbeenadaptedto Riemannianmanifoldsusinggeodesicinterpolation[25].
However, it hasbeenappliedonly to somesurfaceswheregeodesiccomputationis relatively easy, such
asspheresor Lie groups;see[8, 29] andthereferencesthereinfor details.Theonly modelingoperation
studiedin thoseworksis theconstructionof cubicsplines.Furthermore,trimmingseemsto beveryhard
to performin this setting. We de�ne curvesusingthe sameideaasin [25], but we considermanifold
triangulations.

Anothergeneralizationof cubicsplinesto smoothmanifoldsis givenin [14, 28]. Thecurvesarede�ned
by interpolatinga setof knot pointson thesurface,minimizing anenergy functional. Theseresultsare
alsoapplicableto triangulations,but they requirethecomputationof localsmoothapproximations.If the
positionof a knot is changed,thewholecurve mustberecomputedsincethereis no local controlof its
shape.On theotherhand,theinterpolationof tangentvectorsor higherderivativeshasnotbeenstudied.
UsinggeodesicBéziercurveswe canovercomethesedif�culties, andit becomespossibleto prescribe
derivativesat knotpointsandto have local controlof thesegmentsof theBéziersplinecurve.

Trimmingis avery importantapplicationin CAGD.Thisoperationis usuallydoneby meansof aparam-
eterization.Onehasto �gure out which curve in theparameterspacecorrespondsto thedesiredcurve
on thesurface,which is generallya dif�cult problem.Most of thetime thesecurvesareobtainedasthe
resultof CSGoperations,or moregeneralsurfaceintersections[20, 6]. An approachfor subdivision
surfacesis to modify theoriginal (coarse)meshin orderto obtaina trimmedlimit surface[4, 22]. Our
trimmingoperationsaredonedirectlyon themeshandnoparameterizationis needed.

Recentworks[35, 34, 33] de�ne a generalframework for curve subdivision schemes.GeodesicBezier
curves�ts into this framework. However, smoothnessof limit curvesis only studied– andproved– in
thecaseof smoothmanifolds,consideringmeshesasanapproximationof smoothsurfaces,what is not
alwaysthecase.For example,apotentialusermaybeinterestedin modelingonacoarsemeshinsteadof
a re�ned one.Besides,modelswith sharpfeaturesarebestapproximatedwith non-smoothsurfaces.In
this thesisweanalyzethesmoothnessof geodesicBéziercurvesin thecontext of triangularmeshes,and
alsohow to handlemodi�cationsin thepositionof controlpointsat interactive rates,whatis notdonein
thoseworks.Our resultsarealsoapplicableto theothergeodesic-basedsubdivisionschemes�tting into
this framework.
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3.2 GeodesicBézierCurves

Béziercurvesareof greatimportancewhenmodelingon Rn . A naturalquestionis how to generalize
themto curvedgeometries.In this sectionwe proposea classof curvesthatgeneralizeBéziercurvesto
manifoldtriangulations.

3.2.1 ClassicalBézierCurves

Given n+1 control pointsP0; P1; : : : ; Pn in Rd, they de�ne a curve given by the following parametric
expression:

P(u) =
nX

i =0

�
n
i

�
(1 � u)n � i ui Pi ; 0 � u � 1; (3.1)

P is known asBéziercurve of degreen, andthesetof controlpointsP0; P1; : : : ; Pn forms its control
polygon.NotethatP interpolatesthetwo extremecontrolpointsP0 andPn , beingtangentto thecontrol
polygonat thesepoints.It also“imitates” theform of thecontrolpolygon,makingthetaskof designing
with Béziercurvesvery intuitive. That's thereasonwhy Béziercurvesaresopopularfor CAD/CAGD
applications.More informationaboutthis subjectcanbefoundin [7, 11]; �gure 3.2shows anexample
of aBéziercurve of degree3.

ThedeCasteljauAlgorithm [9] providesageometricprocedureto evaluateaBéziercurveatany param-
eteru 2 [0; 1], usingrepeatedlinearinterpolation:

Algorithm 3.1 deCasteljau

Input: ThecontrolpointsP0; P1; : : : ; Pn andaparameteru 2 [0; 1]
Output: ThepointP(u).

step1. for i = 0; : : : ; n setP [0]
i (u) = Pi .

step2. for j = 1; : : : ; n
for i = j ; : : : ; n

P [j ]
i = interpolate(P [j � 1]

i � 1 (u); P [j � 1]
i (u); u).

step3. P(u) = P [n ]
n

In step2 weusethefunctioninterpolate(A; B ; u), whichperformsalinearinterpolationbetweenA and
B with parameteru: interpolate(A; B ; u) = (1 � u)A + uB .

�

�

�

�

�

�

�

� �

� �

�

Figure3.2: A subdivisionstepof acontrolpolygonandits Béziercurve.

FromdeCasteljau'salgorithmonecande�ne asubdivisionschemewhoselimit curveis theBéziercurve
givenby thecontrolpolygon.Givena parametervalueu anda controlpolygon,we canobtaintwo new
controlpolygonsfor thesegmentsP([0; u]) andP([u; 1]):
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Algorithm 3.2 Subdivisionof a control polygon

Input: ThecontrolpointsP0; P1; : : : ; Pn andaparameteru 2 [0; 1]
Output: Two setsof controlpointsde�ning P([0; u]) andP([u; 1]).

step1. deCasteljau((P0; P1; : : : ; Pn ); u).
step2.

P([0; u]) = bezier(P [0]
0 ; P [1]

1 ; : : : ; P [n ]
n )

P([u; 1]) = bezier(P [n ]
n ; P [n � 1]

n ; : : : ; P [0]
n )

Evaluatingthecurve at u, usingdeCasteljau's algorithm,providestheintermediaryinterpolatedpoints
P [j ]

i . The output(step2) arethe control polygonsde�ning both (Bézier)segmentsof the curve. Fig-
ure3.2showsasubdivisionstepof thecontrolpolygonof adegree3 Béziercurve.

Algorithm 3.2 providesthe rule for thesubdivision schemeconverging to thecurve. Additionally, this
schemecanbemadeadaptiveby stoppingthesubdivisionwheneveracontrolpolygoncanbeconsidered
as“almoststraight”.

3.2.2 BézierCurveson Manif old Triangulations

Intrinsic Béziercurvesarede�ned by meansof the subdivision algorithmfor classicalBéziercurves.
GivenacontrolpolygonP0; P1; : : : ; Pn onasurfaceS, wewantto computeacurveConS interpolating
P0 andPn , whoseshapeis controlledby thepositionof theinteriorpointsP1; P2; : : : ; Pn � 1.

The curve C is de�ned asthe limit of the subdivision schemegiven in algorithm3.2 of section3.2.1.
Themaindifferenceis that thesidesof thecontrolpolygonareno longerline segments,but geodesics
connectingthecontrolpoints. This imposesthenecessityof modifying the interpolationstepon algo-
rithm 3.1. Theequivalentto linearinterpolationin thegeometryof thesurfaceis theinterpolationalong
geodesiclines.Algorithm 3.3describestheinterpolationstepin thecaseof manifoldtriangulations:

Algorithm 3.3 InterpolationonManifoldTriangulations

Input: A manifoldtriangulationS, two pointsQ1 andQ2 on it andaparameteru 2 [0; 1]
Output: A pointQ onS interpolatingQ1 andQ2.

step1. � = ComputeGeodesic(Q1; Q2).
step2. Q = thepointof � suchthat

d� (Q1; Q) = ud� (Q1; Q2)

In algorithm3.3, d� (A; B ) computesthe distancebetweenA andB along� . Note that since� is a
polygonalline, it is verysimpleto performstep2.

To computean approximationof C, we canusethe subdivision adaptive algorithm. It stopsat some
prescribedlevel of subdivision or whenthe control polygoncanbe consideredasa geodesicsegment;
i.e.,whenall of its controlverticeshaveerrorsmallerthanaprescribedtolerance.Figure3.3showssome
geodesicBéziercurvesalongwith their controlpolygons.

Theuseof deCasteljau's algorithmin thede�nition of geodesicBéziercurvesmakesthema general-
izationof planarBéziercurves. Note thata geodesicon a planeis a straightline. Therefore,whenthe
triangulationis planarbothconceptscoincide;seefor examplethecurvesdesignedon the(planar)faces
of the cubein �gure 3.3. As in the caseof classicalBéziercurves,we have a parameterizationof our
curveswith parameteru 2 [0; 1]. Evaluationat any particularparametervaluecanbeperformedeasily
by subdividing the correspondingcontrol polygonat eachlevel of subdivision, imitating the bisection
algorithmusedto computerootsof polynomials.Previouscalculationscanbeusedto evaluateat new
parametervalues,this canbeusefulwhenperformingmany evaluations.

It is known thatshortestgeodesicsarenot uniqueon triangulations.Consequently, theuseof a different
subdivision parametermayleadto a differentcurve. SogeodesicBéziercurvesdependson thecontrol
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Figure3.3: SomegeodesicBéziercurves.Controlpolygonsarealsoshown in theCubemodel.

pointsandthe chosensubdivision parameteru. To our experience,the curvesobtainedwith different
valuesof u arevery closeto eachother. We arecurrentlystudyingthe theoreticalissuesrelatedto the
choiceof of u. In practice,selectinga�x edvalueof u givesusasubdivisioncurve. In thiswork wehave
chosenu = 0:5 andthereforewehaveamidpointsubdivisionscheme.All the�gures weregeneratedin
thisway.

Geodesicalgorithm selection

Thereareseveralalgorithmsto computegeodesics(seechapter2) andany of themcouldbeusedboth
to computegeodesicBéziercurvesandto performuserinteraction.We chosethealgorithmdescribed
in chapter2 for two reasons.In �rst place,it relieson thecorrectionof an initial curve assumedto be
closeto the true geodesic.Sincede Casteljau's algorithmis a sort of corner-cutting process,a part of
eachcontrolpolygoncanbeusedasinitial curve to computethegeodesicsneededin thecomputation
of controlpolygonsin thefollowing level of subdivision. On theotherhand,duringinteractionthenew
control polygonsarevery closeto thepreviousonesandthey canbecomputedvery fast. Usingother
algorithmsas[32] alsopermitsvery fast interaction,but at the costof storinga treefor eachcontrol
point. Thetreeassociatedwith acontrolpointmustbeupdatedany time its positionis changed.

3.2.3 Propertiesof GeodesicBézierCurves

GeodesicBéziercurvessharesomepropertieswith classicalones.

Proposition3.1 GeodesicBéziercurvesinterpolateP0 andPn andare tangent to thecontrol polygon
at thesepoints.

Proof: Considerthe�rst line segmentof the�rst side(geodesicline) of thecontrolpolygon.It is entirely
containedin a faceF andfor N largeenough,theinitial sub-polygonat level N is entirelycontainedin
F . So,thecorrespondingcurve segmentis a segmentof a planarBéziercurve, which is tangentto the
�rst segmentof theN th level subpolygon,thatis containedon the�rst sideof the1st level polygon.So,
thecurve is tangentto its controlpolygonatP0; thesameappliesto Pn .

The convex hull propertyof classicalBéziercurves is very important. It permitsto know wherethe
curve is evenbeforeevaluatingit. This is speciallyimportantwhendesigningusingthedeCasteljau's
algorithm. In this casewe can stop subdividing when the control polygon is almoststraight. After
de�ning convex hull in chapter4 we will establishtheconvex hull propertyfor geodesicBéziercurves.
A consequenceof theconvex-hull propertyis thatgeodesicBéziercurveshave linear precision, i.e, if
all thecontrolpointsareevenly distributedon a shortestgeodesic,the resultinggeodesicBéziercurve
is the sameshortestgeodesicwith parameterizationproportionalto curve length. If the pointsarenot
evenly distributedtheresultingcurve is alsothegeodesicbut its parameterizationis not proportionalto
thecurve length.
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ClassicalBéziercurveshasC1 -continuity. Letsstudythesmoothnessof geodesicBéziercurves:

Proposition3.2 A geodesicBéziercurvehas(at least)C1 continuitywhenintersectingan edge of the
mesh.

Proof: Let s0 betheparametervaluecorrespondingto thepoint P(s0) of C interceptingtheedgee of
meshS. We have two cases:(i) for N largeenough,thereis a segmentCN ;i of Ccompletelycontained
in theunionof thetwo facesadjacentto e, andsuchthatP(s0) 2 CN ;i ; or (ii) case(i) doesnotholdand
s0 = k=2N , wherek is anintegersuchthat0 < k < N .

In case(i) C is C1 at P(s0), sinceit is a point of a planeBeziercurve de�ned in theunfoldingof e. If
case(ii) holds,thereis anN largeenoughsuchthateachof thetwo polygonscorrespondingto level N
of subdivision is containedin oneof the two facesadjacentto edgee. So, in theunfoldingof the two
faces,thetwo segmentsof controlpolygonsat level N with P(s0) asendpointarecollinearandhavethe
samelength.As a consequencetheplanesplinede�ned by thesetwo controlpolygonis (at least)C1 at
its junctionpointP(s0), andhenceCis C1 atP(s0) too.

Proposition3.3 Each connectedcomponentof theintersectionof a geodesicBéziercurvewith theinte-
rior of a meshfaceis a C1 planecurve, exceptfor (at most)a countablesetof points,where it is C1.

Proof: Let f bea faceof S, ands theparametervaluecorrespondingto thepointP(s) of C
T

f .

As in theprecedingproposition,therearetwo cases:(i) for N largeenough,thereis a segmentCN ;i of
C completelycontainedin f andsuchthat P(s) 2 CN ;i ; or (ii) case(i) doesnot hold ands = k=2N ,
wherek is anintegersuchthat0 < k < N .

In case(i) C is C1 at P(s), sinceit is a point of a planeBeziercurve de�ned in f . If case(ii) holds,
thereis anN largeenoughsuchthateachof thetwo polygonscorrespondingto level N of subdivision is
containedin f . So,thetwo segmentsof controlpolygonsat level N with P(s) asendpointarecollinear
andhave thesamelength.As aconsequencetheplanesplinede�ned by thesetwo controlpolygonis (at
least)C1 at its junctionpointP(s), andhenceCis C1 atP(s) too.

Note that the set of points satisfying condition (ii) is �nite in almost all the cases. When C pass
througha vertex of f , this setcanbe in�nite. However, it is countable,sinceit is a subsetof f s =
k=2N ; s.t. k; N 2 N; k < N g which is acountableset.

As a consequenceof previous propositionswe have that C is assmoothaspossiblein the interior of
facesandwhencrossinga meshedge.Theanalysisof thepassageof C throughmeshverticesis more
complicatedandis left asfuturework.

3.3 Modeling

In orderto modelwith geodesicBéziercurveswemustbeableto performtheusualmodelingoperations.
Moreover, the usershouldbe allowed to modify a curve at interactive rates. In this sectionwe �rst
describehow to ef�ciently handleuserinteraction. Following that, we presenta simplealgorithmfor
region �ll andtrimming.

3.3.1 User Interaction

Fastuserinteractionis very importantin free-formdesignoperations.Theusershouldbeableto modify
any previously de�ned curve by changingthe position of someof its control points. This operation
shouldbe asfastandeasyaspossible;for example,it mustbe possibleto selectanddragany control
point usingthe mouse.Every time the positionof a control point is changed,its neighboringsidesin
the control polygonshouldbe recomputed.These(at mosttwo) sidesaregeodesiclines andwe must
recomputethem very fast, at leastapproximately. Eachnew (recomputed)geodesicis very closeto
the old (original) one, sinceone of their extremesremain�x ed while the other one is very closeto
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Figure3.4: Igeamodel:Fourdifferentpositionsfor themiddlecontrolpoint in acurvewith threecontrol
points.

the correspondingextremein the old curve. Hencewe use,asinitial approximationfor the algorithm
describedin section2.1, theoriginal curve afteraddingto it the line segmentjoining its extremeto the
new controlpoint position.Becausetheinitial segmentis very closeto therecomputedone,this update
processrunsvery fast.Additionally, we forcethegeodesiccomputationto performfewer iterationsteps
duringinteractionsincetheuseronlyneedstohaveagoodideaof theshapeof thecontrolpolygon.When
the userreleasesthe mouse,full-precisiongeodesicsarecomputedandthe curve is thenrecomputed.
Figure3.4shows threedifferentpositionsfor themiddlenodeduringuserinteractionwith a third order
curve.

3.3.2 RegionFill and Trimming

We arenow concernedwith the problemof identifying a pieceof a surfaceS limited by oneor more
curvesde�ned on it. Solvingthis problemallows usto trim (cut) a pieceof S, to paint it with a certain
color, or to mapa textureto it. Givena point P in S, typically obtainedby a mouseclick, theideais to
usea �ood-�ll algorithm,propagatinga wavefront from this point until it reachestheboundarycurves.
Algorithm 3.4describeshow to identify thefacesin theregionR thatcontainsthepointP.

Algorithm 3.4 Identifyregion

Input: A pointP 2 S
Output: ThesetSR = f f 2 f facesof Sg; s.t.f

T
R 6= ;g

step1. f = facecontainingP.
step2. push(f ,L R )
step3. while L R is notempty

g = pop(L R )
push(g,SR )
for h 2f neighborsof gg

if (can propagate(g 7! h))
push(h,L R )

In algorithm3.4above,L R is anauxiliary list of faces.Thefunctioncan propagatereturnstrue if the
following threeconditionshold:

1. h doesnotbelongto L R ,

2. h doesnotbelongto SR , and

3. R containstheedgecommonto g andh, or partof it.
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In practiceit is not necessaryto know if condition3 holds. Insteadwe only considerthe facesthatare
adjacentto edgesintersectingregionR, see�gure 3.6. WhenL R becomesemptywehave in SR all the
facescontainedin theinteriorof R andalsothefacescuttingtheboundarycurves.They arecoloredred
andgreenrespectively in �gure 3.5 (left). Oncewe have identi�ed thesetSR of facescuttingR, we

Figure3.5: Region �nding stages.Left: setSR with boundaryfaceshighlighted.Middle andRight: the
regionR aftereliminatingthepartof boundaryfacesnotbelongingto it.

�
�

�
�

�

Figure3.6: Propagationdirections.Arrows indicateby whatedgescanthewave bepropagated.Bullets
indicatewhatportionof theedgesbelongto R (shadowedregion).

mustdecidewhich part of the boundaryfacesbelongsto R. To do that, during propagation we mark
eachportionof anedgeintersectingR, see�gure 3.6. With this informationwe candecidewhich part
of theplanarsubdivisionde�ned by theboundarycurvesin eachfacebelongsto R.

The above describedprocesscaneasilybe performedif the seedpoint P belongsto a facewhich is
entirelycontainedin R. If P belongsto a facecrossedby theboundaryof R, we subdivide it until P
is insideaninterior face(see�gure 3.7). For texturemappingor trimming it is not suf�cient to identify

�P �P
�

�

Figure3.7: Locatingseedpoint

thepartof S (i.e., theregion R) selectedby theuser. It is alsonecessaryto have a modelof it. In those
caseswe cantriangulatethecorrespondingpartof eachfacecrossedby theboundaryof R. Figure3.8
showssomeregions�lled or trimmedin theCubeandtheBunny models.

3.4 PiecewiseBézierSplineCurves

A powerful tool for modelingis theuseof piecewisesplinecurves,allowing localcontrolof theshapeof
thecurveaswell asfastercomputationsby meansof segmentsf low degree.Wewantto computepiece-
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Figure3.8: Filled andtrimmedregions:TrimmedCubeandStanford'sbunny with two trimmedregions
andone�lled.

wisesplinecurvesof geodesicBéziercurves,sonext we investigatehow to guaranteesomecontinuity
at junctionpoints.

As usual,C0 continuityis reachedby de�ning the�rst controlpointof asegmentCi +1 to bethesameas
thelastcontrolpoint of its previoussegmentCi . To guaranteeC1 continuity is harderbecausewe must
have thelastsideof thecontrolpolygonof Ci alignedwith the�rst sideof thecontrolpolygonof Ci +1 .
Moreover, the lengthof thesetwo sidesmustbe the same. This meansthat we needto locatethree
controlpointsin thesamegeodesicline. In otherwords,thepositionof thetwo �rst controlverticesof
thesegmentCi +1 aredeterminedby thepositionof thecontrolverticesof theprevioussegmentCi .

Giventhecontrolpolygonof thei th segmentCi of asplinecurveC, how to computethetwo �rst control
pointsP i +1

0 andP i +1
1 of Ci +1 ? Its �rst control point P i +1

0 is the sameas the last control point P i
m

of Ci . Thesecondone,P i +1
1 , is hardto �nd becausewe do not know how to continuethegeodesicline

betweenP i
m � 1 andP i

m . For smoothsurfaceswecancomputetheuniquegeodesicpassingby a point in
adirection.This is not thecasefor shortestgeodesicsonmeshes.Neverthelessthestraightestgeodesics
de�ned by [26] have this niceproperty. For that reasonwe de�ne the �rst sideof thecontrol polygon
of Ci +1 asthestraightestgeodesiccontinuingthelastsideof thecontrolpolygonof Ci . It is known [26]
that if a straightestgeodesicdoesnot passby a sphericalvertex, it is alsoa shortestgeodesic.So we
canexpectthatmostof thetimesour controlpolygonwill bede�ned by meansof shortestgeodesics.It
is importantto notethat all the propertiesof section3.2.3arealsosatis�ed if we replaceoneor more
of theshortestgeodesicsby straightestones.Thus,therelaxationwe did to thede�nition of thecontrol
polygon,in orderto have C1 continuity, is morethanjusti�ed.

Finally notethatmodifying thepositionof P i
m � 1 modi�es thepositionof P i +1

1 andvice versa.In the
lastcase,thelastsideof thecontrolpolygonof Ci will beastraightestgeodesic.Modifying theposition
of the junctionpoint conduceus to modify at leastthepositionof oneof thecontrolpointsP i

m � 1 and
P i +1

1 . Figure3.9show theuseof C1 splinesto write in thesurfaceof theStanford's bunny model.The
middlecurve in �gure 3.1 is aC1 spline,composedby 8 Béziersegments.
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Figure3.9: Splineson thesurfaceof thebunny.



4 Convex Sets on Discrete
Surfaces

To de�ne convex setsin triangulationsrequiressomecare.A naive de�nition, astheintersectionof the
surfacewith a convex set,will not work becauseit ignoresthe intrinsic geometryof thesurface.As in
thecaseof geodesics,therearedifferentde�nitions obtainedby imitating thebehavior of planeconvex
sets[2], but they aretoo restrictive. For example,non-optimalshortestgeodesicsarenot convex in the
usualsense.Ourde�nition allow themto beconvex.

In thischapterwede�ne convex setsbasedonthegeodesiccurvatureof theboundarycurves,andderive
theconceptof convex hull in manifolds.Thosede�nitions arevery usefulto prove theconvergenceof
thegeodesicalgorithmof chapter2, andtheconvex hull propertyof geodesicBéziercurvesde�ned in
chapter3.

4.1 DiscreteGeodesicCurvature

PolthierandSchmies[26] de�ned straightestgeodesicsascurveswith zerogeodesiccurvature� g(P),
where

� g(P) =
2�
�

� �
2

� � r

�
:

In orderto obtaina similar characterizationfor shortestgeodesics,we mustemploy analternative de�-
nition of discretegeodesiccurvature:

De�nition 4.1 Thediscretegeodesiccurvatureof a polygonalcurveat a givenpoint P is givenby the
followingexpression.

� s(P) =

8
<

:

0; if � (P) > 2� ; � r (P) � � and � l (P) � �
1 ; if � (P) < 2� and � r (P) = � l (P)
� g(P); otherwise

Remark 4.1 We usethe notation� s to distinguishthis new de�nition of discretegeodesiccurvature
from Polthier's one.Thesubindex s standsfor shortest.

Remark 4.2 Boundarypointsaretreatedashyperbolic,asdonein section2.2.3.

With this alternative de�nition of geodesiccurvatureat hand, we can characterizediscreteshortest
geodesicson triangulations:

Proposition4.1 A polygonalcurve� containedin a manifoldtriangulationS is a shortestgeodesicif
andonly if its geodesiccurvature � s is identicallyzero.

Proof: Let � beashortestgeodesiconS andP anodeof � . If P doesnotcoincidewith ameshvertex,
or coincideswith aneuclideanone,then� r and� l areequals;consequently� s(P) = � g(P) = 0. If P

27
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coincideswith ahyperbolicvertex thenboth� r and� l mustbegreaterthan� , hence� s(P) = 0. Finally,
P cannotcoincidewith asphericalvertex.

On the otherhand,supposethat � have zerogeodesiccurvatureeverywhere.That means–seede�ni-
tion 4.1 andproposition2.4– that a small perturbationin the positionof any vertex will increasethe
lengthof � . Thus,it is a local minimumof the lengthfunctionalandconsequentlya shortestgeodesic.

4.2 ConvexSets

It is known that if the boundaryof a planeconvex set is a smoothcurve, then its curvaturedoesnot
changeits sign [10]. If the boundaryis a polygonalline, thenat eachvertex the anglecorresponding
to the interior of thesetis smallerthat theexterior one. Basedon thesefacts,we de�ne convex setson
triangulations.

De�nition 4.2 Let C be a connectedsubsetof a surfaceS. C is convex if its boundary@C can be
parametrizedbya closedcurve� : I � ! @Csuch that:

1. 8t 2 I � s(�( t)) � 0, and

2. theinterior of setCis alwayssituatedin theleft sideof � .

Remark 4.3 If wereplace'� ' by ' � ' and' left' by 'right' in de�nition 4.2, wegetanequivalentde�nition
of convex set.

Remark 4.4 We do not require the curve � parameterizing@C to be simple. Otherwise,a simple
geodesiccurve would not be convex. Figure4.1 shows two convex setsin a planewith a hole where
theboundarycurvesarenotsimple.

Figure4.1: In aplanewith ahole,two convex setswhoseboundarycurvesarenotsimple.

Remark 4.5 Convex setsin aplanetriangulation(withoutholes)arealsoconvex in theusualsense.

Unfortunately, theusualpropertiesof planarconvex setsdo not hold in thegeneralcasefor convex sets
on triangulations.In next sectionwe aregoingto seeanexamplewheretheintersectionof two convex
setsis notconnected.Besides,thereareconvex setshaving two differentpointsthatcannotbejoinedby
anoptimalshortestgeodesic.However, a convex setalwayscontainsa shortestgeodesic,not necessary
optimal,joining two any pointsin it.

Proposition4.2 Let Cbea convex seton thesurfaceS andlet A andB betwo pointsof C. Thenthere
existsa shortestgeodesicjoining A andB that is completelycontainedin C.

Proof: ConsiderthesurfaceS0 de�ned by thesetC. Thereexistsa geodesic� joining A andB on S0,
see[24]. Wemustprove that� is ageodesiconS.
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If � doesnot touchtheboundaryof S0 thenit is alsoageodesiconS. Supposenow thatthepointP 2 �
belongsto theboundaryof S0. If we chooseanorientationof � suchthat theangle� l of � at P is the
onein theinterior of S0, then� l mustbegreaterthanor equalto � , becauseboundarypointsaretreated
ashyperbolicvertices.This meansthattheangle� l of @Cat P is alsogreaterthanor equalto � , but as
C is a convex setthen,looking to @Casa curve on S, theangle� r of @Cat P mustalsobegreaterthan
or equalto � . Hence,P is a hyperbolicor euclideanpoint on S andthegeodesiccurvature� s(P) of �
atP is alsozerowhenlooking to � asacurve onS. Thismeansthat� is ageodesiconS.

Remark 4.6 The converseof proposition4.2 doesnot hold. In �gure 4.2 we show a non-convex set,
containedin aplanewith ahole,whereeverypairof pointscanbejoinedby ashortestgeodesic.

Figure4.2: A setin planewith ahole. It containsashortestgeodesicbetweenany pairof pointsalthough
it is not convex.

4.3 ConvexHull

We wantto de�ne convex hull astheintersectionof convex sets.To do that,we muststudyif convexity
is preserved by this setoperation.Unfortunately, this is not true; for example,the intersectionof two
meridiansin asphereresultsin a two-pointsetwhich is notevenconnected.

Althoughintersectiondoesnotpreserveconvexity, westill canuseit to de�ne convex hull. Thefollowing
lemmastatesthateachconnectedcomponentof theintersectionis aconvex set:

Lemma 4.3 Theintersectionof twoconvex setsC1 andC2 is a collectionof convex sets.

Proof: Weknow thattheintersectionof two convex setsmayhavemorethanoneconnectedcomponent.
Let Cbeoneof suchconnectedcomponents;wemustprove thatit is aconvex set.

Theboundaryof C is formedby a sequenceof curvesbelongingto theboundariesof C1 andC2. So, if
weprove that� s remainssmallerthanor equalto zeroat theintersectionof theboundariesof C1 andC2,
thenwe aredone.But this is truebecausethe left angle� l (@C(P)) at thosepointsis smallerthatboth
� l (@C1(P)) and� l (@C2(P)) , andthusthegeodesiccurvatureof @CatP is alsonegative:

� s(P) =
2�
�

� �
2

� � r

�
=

2�
�

� � r + � l

2
� � r

�
=

2�
�

� � l � � r

2

�
� 0:

Theabove formulaholdseverywhere,exceptat somehyperbolicverticeswhere� l is greaterthan� , but
in thosecases� s(P) = 0. Note that if P coincideswith a sphericalmeshvertex, then� l is necessary
smallerthan� r .

After lemma4.3wecande�ne theconvex hull of curvesonmanifoldtriangulations:
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De�nition 4.3 Let � bea curvede�nedona surfaceS. Theconvex hull � of � is theintersectionof all
convex setscontaining� .

� =
[

� �C i

Ci :

Remark 4.7 Notethatwe cannotextendtheconceptof convex hull in manifoldsto arbitrarysets.For
instance,theconvex hull of two polesof aspherewouldbethetwo points,which is notaconnectedset.
However, thisconceptis well de�ned for curves,for whichtheconvex hull is alwaysaconvex connected
set.

Thefollowing propositionwill beusefulin section4.5.

Proposition4.4 Givena simplepolygonalcurve� , joining twodifferentpointsA andB , theareaof its
convex hull A (� ) is equalto zero if andonly if � is a simpleshortestgeodesic.

Proof: If � is asimpleshortestgeodesic,thenit is aconvex setandconsequently� = � , soA(�) = 0.

Now assumethat A (�) = 0, andsupposeit is not a shortestgeodesic.Thereexists an interior node
Pi 2 � where� s(P) 6= 0. Hence,the setboundedby the geodesicjoining Pi � 1 andPi +1 , andthe
segmentof � betweenPi � 1 andPi +1 belongsto � . But theareaof thatset,which is asubsetof � , is not
zero,which is acontradiction.

After de�ning convex hull, it is interestingto know how its shapedependson the curve. Next lemma
answerthisquestionfor polygonalcurves.

Lemma 4.5 Theboundaryof the convex hull � of a polygonalcurve� is composedof a sequenceof
geodesicsegmentswhoseextremesarenodesof � .

Proof: Weknow that� s(@� (:)) � 0, supposethat� s(P) < 0 atapointP 2 @� . If P =2 � , thenwecan
join two pointsof its neighboringsidesin @� by a geodesicsegment� 0 not crossedby � . Substituing
theportionof @� betweenthosepointsby � 0 we obtaina convex setC0 � � containing� , but then�
wouldnotbetheconvex hull of � .

If theboundary@Cof aconvex setis apolygonalcurve,wecandistinguishtwo typeof nodesin it, those
wherethegeodesiccurvature� s is zero,andthosewith non-nullgeodesiccurvature.Fromnow on,we
referto thelastonesasvertices.Doing this,wecanlook at@Casapolygonwhosesidesaregeodesics.

4.4 On the Metric of DiscreteSurfaces

Until now, thede�nition of the lengthfunctionalwastheonly metricpropertyof triangulationsneeded
for ourexposition.In next sectionwewill needothermetricpropertiesasdistanceandlimit.

Givenaconnecteddiscretesurface,asde�ned in chapter1, adistancebetweenits pointscanbede�ned.

De�nition 4.4 Thedistancebetweentwo pointsP andQ on a connecteddiscretesurfaceS is de�ned
asthelengthof anoptimalshortestarc joining P andQ.

� (P; Q) = inf
� P Q �S

f L (� P Q )g

As statedin lemma2.2, if S is connectedtherealwaysexistsa shortestarcjoining P andQ. Hencethe
distance� is well de�ned. ThesurfaceS, providedwith � , becomesa metricspace[1, 2]. A metriclike
thisone,wherethedistancebetweentwo pointsis thesameasthelengthof theshortestarcsjoining them,
is calledintrinsic. Note that on the interior of eachfacethe metric of S coincideswith the euclidean
metricandthenthe lengthof curves,asde�ned in section1.1.3, is thesameasthe lengthof curveson
theintrinsicmetricof S.

A metricspaceM is completeif everyCauchy sequenceconvergesto apointof M . For aspaceprovided
with anintrinsicmetricwecangive anequivalentde�nition of completeness,see[1].
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De�nition 4.5 A metricof a spaceM is calledcompleteif theWeierstrasstheoremholdsfor M , i.e, if
each in�nite boundedsetin M hasanaccumulationpoint.

Thefollowing lemmais ratherobviousandis probablyprovedsomewhereelse.However, we have not
seenit provedandwill give aproofhere.

Lemma 4.6 A discretesurfaceS, providedwith its intrinsic metric,is a completemetricspace.

Proof: From de�nition 4.5, it is enoughto prove that every in�nite set hasan accumulationpoint.1

SupposethatthesetA 2 S is in�nite. SinceS hasa �nite numberof faces,thereis a facef 2 S which
hasin�nite pointsof A. As in f theeuclideanandintrinsicmetriccoincide,A hasanaccumulationpoint
on f , andsoit hasanaccumulationpointonS.

Thefollowing propositionwill beusefulin next section.

Proposition4.7 Let fCn g1
n =0 bea sequenceof closedsetsin a discretesurfaceS such that Cn +1 � Cn

andCn 6= ; . There existsa closetsetC 6= ; such that C =
T 1

n =0 Cn and for all " > 0 there existsan
n 2 N such that if N � n then� (P; C) < " for all P 2 CN .

Proof: TheclosedsetC existsandis non-empty, see[21]. Letsprove thesecondpart. Supposethat it
doesnothold,i.e, thereis an" > 0 suchthat8n 2 N thereexistsapointPn 2 Cn suchthat� (Pn ; C) � " .
Considerthesequencef Pn g, from lemma4.6 it hasa subsequencef Pkn g convergentto a point P and
� (P; C) � " . Givena k 2 N, Pkn 2 Ck for all kn � k andhenceP 2 Ck , soP 2 Cand� (Pn ; C) = 0.
But this is acontradictionwith � (P; C) � " .

4.5 Applications

Thede�nition of convex hull of curvesontriangulationshelpusto studytheconvergenceof thegeodesic
algorithmpresentedin chapter2.

In the restof this chapter, f � n gn 2 N denotesthe sequencegeneratedby algorithm2.1. The following
lemmawill beusedlater:

Lemma 4.8 In a triangulationS, � n +1 belongsto theconvex hull of � n .

Proof: At eachvertex correction,for example at Pnj , the sequencePn;j � 1Pnj Pn;j +1 goesto the
geodesicsegmentjoining thepointsPn;j � 1 andPn;j +1 , which is entirelycontainedin theconvex hull
of thecurrentcurve � n . So,eachvertex of � n +1 belongsto theconvex hull of � n andsodoes� n +1 .

Proposition4.9 If every� n is simple, thenthesequenceconvergesto a geodesicline.

Proof: Let Cn betheconvex hull of � n . Considertheset

C =
1\

n =0

Cn :

Fromlemma4.8 we know thatCn
T

Cn +1 = Cn +1 . Fromproposition4.7 we know thatC existsandis
closed.EachCn is convex andsodoesC.

We mustprove that A (C) = 0 since,by proposition4.4, only simplegeodesiclines have convex hull
with areaequalto zero.

By proposition4.7, for anarbitrary" > 0 wecan�nd anaturalnumbern suchthatall theverticesin the
boundary@Cn of Cn areatdistancesmallerthan" from theboundary@Cof C.

SupposethatA (C) 6= 0. Eachvertex of @Cn is alsoa nodeof � n , seelemma4.5. Thereis ann large
enoughsuchthattheverticesof @Cn arevery closeto @Candsuchthat for eachnodePnj 2 � n \ @Cn

the geodesicline joining its neighborsPn;j � 1 andPn;j +1 in � n intersectsC. Whenwe computethe

1Sinceweareconsideringthecaseof discretesurfaces,whicharebounded,every in�nite seton themis alsobounded.
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A B

C

Cn

� n

Figure4.3: Theconvex hull of � n is verycloseto C.

next curve � n +1 , it will passthroughC, andasPin belongsto theboundaryof theconvex hull of � n ,
therewill bepointsof C outsideof Cn +1 , but this is impossiblesince8n C � Cn ) C � Cn +1 . As a
consequenceA(C) mustbezeroandhence� n

� !
n !1 � which is ageodesic.

Proposition4.9 looks very restrictive, sincewe requirethat every curve � n be simple. However, this
seemsto be the generalcase. Whenwe look for an initial approximation,usingFMM, the resulting
curve � 0 is certainlysimple.After that,eachcorrectionis performedin a neighborhoodof a curve node
andit usunlikely thatself-intersectionwill occur.

To �nish thissection,wepresentanotherapplicationof convex hulls:

Proposition4.10 GeodesicBéziercurvessatisfythe convex hull property. This is, a geodesicBézier
curveis completelyinsidetheconvex hull of its control polygon.

Proof: Thispropositionis adirectconsequenceof lemma4.8.

4.6 Non-PolygonalCurves

Up to now, all the materialin this chapterwasmainly dedicatedto polygonalcurves. In fact, as far
asthis work is concerned,polygonalcurvesareenough.Nevertheless,we canextendour studyabout
convexity to setswith non-polygonalboundaries.We canalsoextendit to smoothmanifolds. For the
sakeof completeness,weconsiderthemhere.

Considera piecewisesmoothcurve � on a triangulationS2. At pointswherethecurve is smooth,it has
neighborhoodswhich areisometricto a pieceof plane,sowe de�ne thegeodesiccurvature� s of � at
thosepointsasthecorrespondingcurvaturein theunfolding.At non-smoothpoints,we de�ne � s asthe
curvaturecorrespondingto thepolygonalline de�ned by theleft andright tangenton thesepoints,when
it exists.Otherwise� s is notde�ned.

On smoothmanifolds,the geodesiccurvatureis alwaysde�ned for smoothcurves. Considera piece-
wisesmoothcurve 
 , which is simpleandclosed.In pointswhere
 is not smooth,we canlook at the
correspondingleft andright tangentlines in the planetangentto the manifold. If the angle3 between
themis smallerthan� , andthegeodesiccurvatureatsmoothpointsdoesnotchangeits sign,thentheset
boundedby 
 is convex.

2Notethatpolygonalcurvesarespecialcasesof piecewisesmoothcurves.
3Thisangleis measuredin thesamedirectionof thecurve.



5 Conc lusion

We have presentedan iterative algorithm to computea shortestgeodesicbetweentwo points over a
discretesurface. At eachstepit computesa new curve with smallerlength. This is doneby reducing
locally the curve lengthat eachvertex. It exploresthe fact that the intersectionof a meshfacewith a
shortestgeodesicis a line segment,andhenceits verticeslie on meshverticesor edges.Theproposed
iterative processallows alsoto improve anapproximationgivenby any other(non-exact)algorithm.As
far astheauthorknows, thereis not otheralgorithmwhich improvesdiscretegeodesicapproximations.
Wehavealsogivenanstrategy to speedup theconvergence,it is speciallyusefulwhenpartof theinitial
curve is closeto beageodesicasin thecaseof geodesicBéziercurves.

Using the geodesicalgorithm,we de�ned geodesicBézier curves, which area generalizationof Eu-
clideanBéziercurvesto manifold triangulations,andstudiedsomepropertiesof them. They have the
advantageof beingde�ned intrinsically, which makesthemindependentof any parameterization.We
have shown how to usethemto de�ne piecesor regionsof a surface,allowing trimming, local texture
mapping,andregion coloring. Fastuserinteractionjoinedwith thepossibilityof constructingC0 and
C1 splinesmakeof themapowerful tool for free-formmodelingonmanifoldtriangulations.

Convex setson discretesurfaceswerede�ned by imitating thepropertyof planeconvex setsof having
boundarycurvesthat do not changethe sign of the curvature. Therewerestudiedsomepropertiesof
convex setson triangulationandit wasde�ned convex hull of curvesin this context. As applications
we get theconvex hull propertyof geodesicBéziercurvesandstudiedtheconvergenceof thegeodesic
algorithm.

5.1 Further Research

Althoughusingaheapin thegeodesicalgorithmdiminishestheamountof nodecorrections,wehavenot
greatimprovementin performancebecauseat eachcorrectionthe neighboringnodesmustbe updated
in theheap.It is interestingto studyothercorrectionstrategiesasthemultiple choiceapproach,where
we randomlyselectfew nodesandcorrectthe onewith largesterror. It is very importantto studythe
orderof convergenceof the geodesicalgorithm. It is alsouseful to comparethe resultwith different
triangulationsof simplesurfacesasthecylinder, whereit is trivial to computethegeodesics.

An interestingapplicationof thegeodesicalgorithmwould beto parameterizea triangulationusingthe
exponentialmap,whatcanleadto well-shapedcharts.

Thereremainsometheoreticalissuesassociatedwith geodesicBéziercurves;it will bevery interesting
to seewhichotherpropertiesof classicalBéziercurveshold for thenew curvesandalsowhichconcepts
canbegeneralizedto thegeometryof manifoldtriangulations.For example,it is notclearhow to de�ne
thecontrolpolygonsif we wantC2 continuityor higher. Thecontinuityof thecurvesat meshvertices
hasto bestudied.Oneshouldalsoinvestigatewhetherthereis somethingequivalentto af�ne invariance
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of Béziercurvesin thecaseof geodesicBéziercurves.It wouldbeinterestingto comparetheproperties
of the limit curvesde�ned by the de Casteljau's subdivision algorithmwith thoseof the well-known
subdivisionschemesfor curvesandsurfaces.

Therearesomeworksaboutgeodesiccomputationin geometriesotherthanmanifoldtriangulations.So,
we cande�ne geodesicBézier curves for point clouds[23], for Riemannianmanifolds[19], and for
smoothsurfaces[17, 16]. The next stepis to studyhow to handleuserinteractionin a fastway and
whatpropertiesof classicalBéziercurvesareinheritedby geodesicBéziercurveson thosegeometries.
A goodpoint to startcouldbesubdivision surfaceswheretheextensionof theideasin this thesisseems
to be straightforward, with the nice propertythat userinteractioncould be handledat low resolution,
makingit faster.

Theextensionof theseresultsto othersubdivisionschemes,aswell asthede�nition of interpolantsplines
will certainlyresultin adesigntoolkit with widercapabilities.
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