Dalia Melissa Bonilla Correa IMPA

()

O Método Adjunto

Dalia Melissa Bonilla Correa
IMPA

11 de Novembro de 2009

o F
O Método Adjunto

N

p)



Simulacdes

Dalia Melissa Bonilla Correa IMPA

()

O Método Adjunto




Simulacdes
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Simulacdes e Controle

4

- -
- —~
-

.
T — a

Dalia Melissa Bonilla Correa IMPA () 11 de Novembro de 2009 4 /56



Uma simulacao deve

o ser rapida ( Real time)
e ter um cédigo simples
e ser facil de controlar
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Simulacao
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Otimizacao
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Otimizacao
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Modelos Adjuntos

Modelos adjuntos s3o ferramentas desenvolvidas para modelagem reversa
de um sistema fisico.
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Modelos Adjuntos

@ Sistema fisico — modelo F'
@ Conjunto de observacdées ® C R™, tal que D € ®

@ O modelo calcula Y

1
J = 5 (Y — D,Y — D) producto interno( . , . )

F:R" - R™
X —-Y

J:R" =R

X - % (F(X) - D, F(X) — D)
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Modelos Adjuntos

@ Por serie de Taylor temos
J(X) = J(Xo) + (V4 (Xo) , X — Xo) + o(| X — Xol)
@ Escrevendo
0J = (VJ(Xo), 6X)
@ A é o Jacobiano de F em X, entdo

§Y = A(X)6X §Y = F(X) — F(Xo)
5X =X — X
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Métodos Adjuntos

@ Derivando a funacdo objetivo temos

5 :%(A(Xo)éX, F(Xo) = D) + %(F(Xo) _ D, A(X0)5X)

=(F(Xo) = D, A(X0)éX)
@ Usando a definicao de operador adjunto
(v, Aw) = (A%, w)
Gradiente

6.J = (A*(Xo) (F(Xo) — D), 6X)

VwJ(Xo) = A*(Xo) (F(Xo) — D)
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Modelo Adjunto

e A(Xy) representa o modelo tangente linear
e O operador A*(X) representa o modelo adjunto

e Calculo de v, J(Xp) por diferencias finitas—n + 1 calculos da fungdo
objetivo.

@ Usando o modelo adjunto leva de 2 — 5 calculos da funcdo objetivo
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© O Modo Reverso
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Simulcao Modelo e Cdédigo

@ Modelo
Equagdes diferencias

o Algoritmo
Discreticao

o Cddigo
Implementac¢ao

v

A construcdo do cddigo do modelo adjunto depois dos 3 passos anteriores.

o Modelo
Equagdes diferencias adjuntas

@ Algoritmo

Modelo Adjunto — eda
o Cddigo

Cédigo adjunto

v
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Cdédigo numérico como uma fungdo

Um modelo numérico é um algoritmo que pode ser visto com a
composicdo de fungdes diferenciais.
Cada func3o representa uma instru¢do no cédigo numérico.

float x, y, z;
float u, v;
float f;

X =y + z + u¥u;
Z¥y + X*v;
X*¥X + yxy + wku + vxv;

<
]
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Funcdo H definida como um algoritmo numérico

H:R" —R™
X —Y

Cada passo do algoritmo é representado por

H!:RM-1 — R™ (1=1,...K)
z= = 7!
K
H=H"o---oH = ()H

=1

l .

Z'= (H'o---oH)(X)= (HH(X) (1<I1<K)
=1
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O jacobiano da funcdo H é definido por

OH;(X '
Aij(Xo) = % (t=1,..m;j=1,...,n)
J T=T0
OHK oH’
A(XO) azK—l b1 k—1 ‘ 820 20=zx
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Modo para frente
Avaliamos

OHE OH? OH!

A(X0) = 551 71 50

no mesmo ordem em que a composicao é avalida

H(...(H*H'(X)))
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Modo para frente

Avaliamos

OHE OH? OH!
A(Xp) = 27K BgT 90

no mesmo ordem em que a composicao é avalida

H(...(H*H'(X)))

Multiplicamos primeiro

OH? oH*
OYARNIYA
e entdo
oI ltiplicad ltad
——5 € multiplicado ao resultadao
072 P
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Modo Reverso

Avaliamos

OHX 9HK'  9H? OH!
AX0) = p7r=1 G7K=2 " G o

Ao contrario, este modo comeca de

OHK  oHE!
oZK-1 " §zK-2
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Funcao Escalar

H:R*" —=R™ onde m=1
X —-Y

@ O modo reverso é preferivel!!

@ Para m = 1 operar em modo reverso é chamado de
Método Adjunto.

@ O algoritmo para calcular o gradiente é chamado Modelo Adjunto.
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Definicoes

HE . R"s-1 5 R np=m=1
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e (@ xw)

= izlaX 0X onde 62° :=6X
T=x0
aHl(Zl_l)
l_ -1
e = L
zi-1=7}
K
5 zb=v, () H'(ZY
i=l+1 2l=2}
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0H = (6"2%, 62"

(5*Zl_1, 5Zl_1) — (5*Zl, (SZL)
8Hl(Zl_1)
* rzl
= (5 A (W)

_ <6fgélZ_ll‘1)>*

6zt
Zi-1=z"1

— -1
Zl l_Z
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Resultados Intermediarios Adjuntos

5*zl—1 _ <6HZ(ZZ_1

))* !
e L) 5z
Z A

" 9HL(Z)
*rzl—1 __ J
0 Zl - Z aZ;—l
7

J=1

* rzl
57

— -1
Zi-1=z}
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Problema

x=y+z—i—u2;
Y = zyY + TV;

f=2"+y*+u® + 0%

dxr = dy + dz + 2udu;
dy = ydz + zdy + vdx + xdwv;
f =2xdz 4 2ydy + 2udu + 2vdv;
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float x, y, z; // variables

float u, v; // controls
float f; // cost variable
X =y + z + uky; // statement #1

y = zxy + X*V; // statement #2

f = x*x + yxy + uxu + v*v; // cost function
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float x, y, z, dx[2], dy[2], dz[2]; // variables

float u, v, dul2], dv[2]; // controls

float £, df[2]; // cost variable

X =y + z + uku; // statement #1

y = zxy + xkv; // statement #2

f = x*x + yxy + uxu + vxv; // cost function

// df[0] = 777;

// df[1] = 777;
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float x, y, z, dx[2], dy[2], dz[2]; // variables
float u, v, dul2], dv[2]; // controls
float f, df[2]; // cost variable

dx[0]=dx[1]1=dy[0]=dy[1]=dz[0]=dz[1]=df [0]=df [1]=0;
du[0]=1; dul[1]=0; dv[0]=0; dv[1]=1;

X =y + z + uky; // statement #1
y = z*y + X*V; // statement #2
f = x*x + yxy + uxu + v*v; // cost function
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float x, y, z, dx[2], dy[2], dz[2]; // variables
float u, v, dul2], dv[2]; // controls
float f, df[2]; // cost variable

dx[0]=dx[1]1=dy[0]=dy[1]=dz[0]=dz[1]=df [0]=df [1]=0;
du[0]=1; dul[1]=0; dv[0]=0; dv[1]=1;

X =y + z + uku; // statement #1
dx[0] = dy[0] + dz[0] + 2*uxdu[O];
dx[1] = dy[1] + dz[1] + 2*u*xdul1];
y = z*y + X*V; // statement #2
dy[0] = z*xdy[0] + y*dz[0] + v*dx[0] + x*dv[0];
dy[1] = z*dy[1] + y*dz[1] + vxdx[1] + x*dv[1];

f = x*x + yxy + uxu + v*v; // cost function
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float x, y, z, dx[2], dy[2], dz[2]; // variables
float u, v, dul2], dv[2]; // controls
float f, df[2]; // cost variable

dx[0]=dx[1]=dy[0]=dy[1]=dz[0]=dz[1]=df [0]=df[1]=0;
dul[0]=1; du[1]=0; dv[0]=0; dv[1]=1;

X =y + z + uxu; // statement #1
dx[0] = dy[0] + dz[0] + 2*u*xdul0];

dx[1] = dy[1] + dz[1] + 2*uxdu[1];

y = zZ*y + X*v; // statement #2
dy[0] = z*dy[0] + y*dz[0] + v*dx[0] + x*dv[O];
dy[1] = z*xdy[1] + y*dz[1] + vxdx[1] + x*dv[1];

f = xxx + yxy + uxu + vxv; // cost function
df [0] = 2*x*xdx[0] + 2*xy*dy[0] + 2xu*xdu[0] + 2%v*dv[0];
df [1] = 2*xxdx[1] + 2*%y*dy[1] + 2xu*xdul[l] + 2%v*dv[1]
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Desvantagem

A tecnica anterior é muito costosa quando tem muitos controles

#define NC 1,000,000

float x, y, z, dx[NC], dy[NC], dz[NC]; // variables
float ul[NC], dulNC]; // controls
float f, df[NC]; // cost variable

x =y + z + ul0]*u[0]; // statement #1
for ( int i=0 ; i<NC ; i++ ) {

dx[i] = dy[i]l + dz[i] + ( i==0 ? 2*u[0]*dul[0] : 0 );
}
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@ Um programa esta composto por um conjunto de instrugdes.
L, I, ..., 1,

e Adjunto de uma instrugdo I é A(I)

@ O programa adjunto inverte a ordem das instrugcoes

A(L), A(In1), ..., A(I1)
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x = 2® + sen(y?)z
dx = 32%dx + 2ycos(y?)zdy + sen(y*)dz

dz 1 0 0 dz
dy | = 0 1 0 dy
dz sen(y?) 2ycos(y?)z 3z? dx
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z 1 0 sen(y?) z*
v | =10 1 2ycos(y?)z y*
x* 00 322 x*

y* =y + 2ycos(y?)za*

* = % + 3022
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dz 1 0 0 dz
dy | 0 1 0 dy
dx fz(Zl?,y,"',Z) fy(xvya"'vz) fx(xay;"'az) dx
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z* T .- 0 fz(.'L',y,"',Z) 2"

x 0 - 0 fulzy, - ,2)) \&"

z" :Z*+fz(xaya"' ,Z).’L’*

y* = y* +fy(m7ya 7Z)I*

"t = fz(mvya U ,Z).’E*
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for i= 0,--- ,n do for i= n,---,0 do

A I = A(L)
end for end for
if B then if B then
I A(lL)
A else = else
I A(I2)
end if end if
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X =y + z + uku; // statement #1

dx[0] = dy[0] + dz[0] + 2*u*xdul0];

dx[1] = dy[1] + dz[1] + 2*u*xdull];
dz[0] dz[1] 0 1 1 2xu 0\ /[dz[0] dz[1]
dyl0] dy[1] 01 0 0 O0f]|dyl0] dy[1]
dz[0] dz[1]| =10 0 1 0 O] |dz]0] dz[1]
dul0] du[l] 000 1 O0f]|dul0] du[l]
dv[0]  dvl1] 000 0 1 dv[0] dvl[1]

X1 = AlXO
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y = zZ¥y + X*v; // statement #2
dy [0]
dy[1]

dz[0] dzl1] 1000 0
dyl0] dyl1] v z y 0 z
d2[0] d=[1]|=]0 0 1 0 0
dul0]  dull] 00010
dv[0]  du[l] 0000 1

X9 = AsXy
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zxdy [0] + y+*dz[0] + v*dx[0] + x*dv[0];
zxdy[1] + y*dz[1] + v*xdx[1] + x*dv[1];
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f = x*x + yxy + uxu + vxv; // cost function

df [0] = 2*x*dx[0] + 2%y*dy[0] + 2%uxdul0] + 2*vxdv[0];
df [1] = 2*x*dx[1] + 2*y*dy[1] + 2xuxdul[1] + 2*vxdv[1];
dz[0] dz[1]
dy[0]  dy[1]
(df[0] df[l]) = 2%z 2xy 2%z 2xu 2xv) | dz[0] dz[1]
dul0]  du[l]
dv[0] dv[l]

f=py Xo
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X; = AlX()

p1 = A3 po
Xo = A2 X, po= Al m
f= p;—X2 f= pE)I—XO

N
pg Xo = (AIA;FPQ) Xo = pg AsA1 X = pg Xo
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y = zxy + x*v; // statement #2
dy[0] = z*dy[0] + y*dz[0] + vxdx[0] + x*dv[O];
dy[1] = z*xdy[1] + y*dz[1] + vxdx[1] + x*dv[1];

dz[0] dx[1] 100 00 dz[0] dx[1]
dy[0]  dy[1] v oz y 0 x| |dyl0] dy[l]
dz[0] dz[1]| =10 0 1 0 0 dz[0] dz[1]
dul0]  du[l] 00010 dul0]  du[l]
dv[0] dv[l] 0 00 01 dv[0] dv[l]

X1 = AX)
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y = z¥y + X*v; // statement #2

azr 1 » 00 O ar
ay 0 z 00 x ay
az| =10 y 1 0 O az
au 0 00 10 au
av 0Oz 0 0 1 av

X, = AX,
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y = z¥y + X*v;
ax = ax + v*ay;
az = az + y*ay;

au = au;
av = av + x*ay;
ay = z*ay;

ax
ay
az
au
av
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float x, y, Z; // variables

float u, v; // controls
float f; // cost variable
X =y + z + uku; // statement #1

y = zXy + X*V; // statement #2

f = x*x + y*y + uxu + v*v; // cost function
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float x, y, z, ax, ay, az; // variables
float u, v, au, av; // controls
float f, af; // cost variable

X =y + z + uku; // statement #1

y = z¥y + Xk, // statement #2

H
]

x*x + y*y + uxu + vxv; // cost function
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float x, y, z, ax, ay, az; // variables

float u, v, au, av; // controls
float f, af; // cost variable
X =y + z + uxu; // statement #1

ay += ax; az += ax;
au += 2*u*ax; ax = 0;

y = zXy + X*V; // statement #2
az += y*ay; ax += u*ay;
av += x*ay; ay = z*ay;

f = xxx + yxy + uxu + vxv; // cost function
ax += 2xx*af; ay += 2¥y*af;

au += 2*u*xaf; av += 2xv*xaf;

av = 0;

V)
]
I
(Y]
.o
I
[V
N
|
©
]
|
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Codigo Adjunto

float x, y, z, ax, ay, az; // variables
float u, v, au, av; // controls
float f, af, df[2]; // cost variable
af = 1;

ax = ay = az = au = av = O;
// cost function

ax += 2xx*af; ay += 2xyx*af;
au += 2%u*af; av += 2xvx*xaf;
// statement #2

az += y*ay; ax += u*ay;

av += x*ay; ay = z*ay;

// statement #1

ay += ax; az += ax;

au += 2*u*ax; ax = 0;

// gradient

df [0] = au;

df[1] = av;
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float x, y, z, ax, ay, az;
float u, v, au, av;
float f, af, df[2];

af = 1;

ax = ay = az = au = av = 0;
// cost function

ax += 2xx*af; ay += 2xyx*af;
au += 2%u*af; av += 2xvx*af;
// statement #2

az += y*ay, ax += uxay;

av += x*ay; ay = z*ay;

// statement #1

ay += ax; az += ax;

au 2*u*ax; ax = 0;

// gradient

df [0] = au;

df[1] = av;

+ o+
o
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float x, y, z;
float u, v;
float f;

// statement #1
X =y + z + uxu;

// statement #2
y = z*Xy + X*¥V;

// cost function
f = x¥x + y*xy + wku + v*v;
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